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Abstract
The effect of a 
 -interaction on a polymerized membrane of arbitrary internal dimen-
sion  has been studied. Depending on the dimensionality of membrane and embedding
space, different physical scenarios are observed: The delocalization of a membrane from
an attractive defect as well as steric repulsions. The difference of polymers from mem-
branes is emphasized. For the latter, non-trivial contributions appear at the 2-loop level.
Furthermore, a “massive scheme” inspired by calculations in fixed dimensions for scalar
field theories has been exploited. Despite the fact that these calculations are only amenable
numerically, it has been found that in the limit of  each diagram can be evaluated
analytically. This property extends in fact to any order in perturbation theory, allowing for
a summation of all orders. An analytically continued expression for the effective coupling
of membranes in the scaling limit of large sizes as compared to the microscopic cutoff is
obtained. Finally, the construction of an expansion of the effective coupling about 
is presented. Applications to the case of self-avoiding membranes are mentioned.
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1 Introduction
1.1 Physics of fluctuating manifolds
Interacting lines and more generally manifolds play an important role in many areas of modern
physics. Examples of lines are self-avoiding polymers [1], vortex-lines in super-conductors [2],
directed polymers in a disordered environment, also equivalent to surface growth [3], diffusion
of particles and many more. Generalizing results to membranes often poses severe problems,
but also new insight into physics. Recently, a lot of work has been devoted to self-avoiding
membranes (see [4] for a review).
From the point of view of statistical physics one major problem is to study the effect of interac-
tions on the thermodynamical properties of extended fluctuating geometric objects. Generally,
there are multi-particle attractive or repulsive interactions involved. One may divide these into
two classes: Either (i) one may study the interaction of a single fluctuating object with it-
self as for instance the well known two-particle excluded volume interaction between any two
monomers in a long chain polymer in a good solvent. There, the interaction leads to universal
long-distance properties of chains as for example the anomalous scaling of the mean squared
end-to-end distance. Or (ii), the interaction may act between different manifolds or between a
single manifold and a fixed non-fluctuating object. It is then interesting to study how thermal
fluctuations affect the depinning of the manifold from an attractive substrate as well as the steric
repulsions from a wall.
Both cases have in common that they are fairly well understood as long as the fluctuating ob-
jects are one-dimensional [1,5–7]. Referring to the example mentioned above, the long-distance
properties of self-avoiding polymers, which are always crumpled on large scales, can be ana-
lyzed with renormalization group techniques [8–10], either in the continuous Edwards Hamil-
tonian [11], <>=!?
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or by mapping this model on a local Z[ Xﬂ\% symmetric ]_^ -theory in the limit of ﬂ`ﬁ compo-
nents [12,6,1]. The critical exponents describing the long-distance properties are related to the
critical exponents of the corresponding ﬂ -vector model at the critical point. What makes (1.1)
a non-standard theory is that the interaction is nonlocal. The integration is over the internal
volume of the manifold, that is, in the case of polymers along the chain.
Obtaining the corresponding results for membranes poses considerable challenges. The general-
ization of polymers to a -surfaces are crystalline fixed-connectivity membranes as they appear
for instance in the spectrin network of cell membranes. Considering ”phantom” membranes,
which can freely fold into itself, the existence of a bending rigidity induced phase transition
separating a high rigidity, low temperature flat phase from a low rigidity, high temperature
crumpled phase is well established [13–18]. This is in contrast to polymers, which are always
crumpled on large scales. The scaling properties of the crumpled phase of phantom membranes
are described by the a generalization of the free field part in (1.1). Taking self-avoidance into
account, which is modeled in (1.1) through the short range two-body interaction, we expect
more open manifolds than those predicted by the free theory, which will be expressed in a non-
trivial radius of gyration exponent. The squared radius of gyration
$b
is defined as the mean
squared distance of the manifold constituents from the center of mass. In the case of polymers
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$b
scales like the end-to-end distance. Much effort has been spent on calculating corrections
to the radius of gyration exponent within an expansion in the deviation c from the critical space
dimension [19,20]. These calculations can not be performed directly in de , since the naive
scaling dimension of the coupling in (1.1) equals
cf X0/S'g%ihj
=
PkR
@Ala"
m",

'(/ (1.2)
where ' denotes the dimension of the embedding space, and is always finite as dﬃ  . Equiv-
alently, the critical embedding dimension defined through cI !0/n'pon !&%L%iﬁ becomes q in this
limit. The reason is that the non-self-avoiding membrane densely fills out the embedding space,
such that it always ”sees” the interaction. A way to circumvent this problem is to set up the
expansion about any point  Xr#/S'sok !&%L% and to extrapolate along an appropriate path in the
 !t/S'g% -plane to the physically interesting point  X0/S'g%Y *#/nus% [4,21–26]. To second order in c
one then finds a radius of gyration exponent of vxwyIz|{3} [19,20] , which is a strong correction
with respect to the only logarithmic dependence in the non-interacting theory, but nevertheless
still indicates existence of a crumpled phase.
However, there is no unambiguous evidence for a crumpled phase in experiments [27–30]. Lat-
est Monte-Carlo simulations on plaquette-models [31–34] starting from a discretization of the
a generalized Hamiltonian (1.1) with system sizes of up to w~8:aa3 plaquettes shows con-
siderable evidence for a vanishing of the above mentioned crumpling transition in the presence
of self-avoidance, such that even on large scales fixed-connectivity membranes stay always flat
with a radius of gyration exponent of vwy8 . This outcome might be reconciliated with the field
theoretic calculation by going to higher loop orders.
The aim of this work is to develop techniques which allow to go beyond the two-loop result.
We developed such techniques for a simplified model, which replaces the non-local interaction
in (1.1) by an interaction with a single point in the embedding space and which is therefore re-
lated to case (ii). The corresponding physical situation we think of is the binding and unbinding
of a long chain as e.g. a polymer or a membrane from a wall or the wetting of an interface.
More precisely, we study the interaction of a single freely fluctuating manifold with another
non-fluctuating, fixed object. Depending on whether the interaction is attractive or repulsive,
one can distinguish two different scenarios: One may either observe a delocalization transi-
tion from an attractive substrate as in wetting phenomena or steric repulsions by a fluctuating
manifold. Both cases have in common that excluded volume effects become important. The
situation for polymers or a 1-dimensional interface is relatively simple: One knows that in this
case polymers interacting with a defect or a wall (excluding or not half of the space) as well as
Figure 1.1: A fluctuating membrane interacting by excluded volume with a surface-like defect.
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short-range critical wetting are in the same universality class [35–37]. For two-dimensional in-
terfaces, the situation is more complicated, and a lot of effort has been spent to understand e.g.
the delocalization transition [38–45]. Particularly, one is interested in critical wetting for the
case of a short-ranged interaction potential. Then, it can not be approximated by a polynomial
in the field
?
1 and the conventional field-theoretic approach known from ^E" theory fails. This
led to a couple of different ansa¨tze [39,40,42–44], among others the functional renormalization
group approach of [43,44].
Here we follow a different route: We start by constructing a systematic perturbative renor-
malization group treatment of the delocalization transition as well as the universal repulsive
force exerted by a membrane on a point, line or more generally hyper-plane like defect. We
therefore introduce a flexible “phantom” manifold of internal dimension ) . By intro-
ducing a
U
-potential in a subspace  of dimension '3 , part of the embedding space 
VNŁfV
(see
fig. 1.1) we punish configurations crossing  . Neglecting the effect of self-avoidance between
distinct points within the fluctuating manifold, the free energy of a given configuration reads:
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where
?
1I KJA% is the position of monomer JQQ in embedding space 
VNŁfV

, and  denotes
the  -dimensional coordinate space of the manifold. In the case of a polymer this is simply
the internal chain length. .
R
is the attractive or repulsive interaction, of dimension (in inverse
length-units)
cI !t/S'g%ih
=
.
R
@Al"
+"

'z (1.4)
The interaction is naively relevant in the infrared for c positive, and irrelevant for c negative.
In a perturbative treatment, c is the natural expansion parameter. The situation is similar to
self-avoiding membranes and thus (1.3) has been studied as a “toy-model” for the analysis of
the renormalizability of the more complicated interaction in the generalized Edwards model
(1.1) for self-avoiding polymerized membranes [46–48]. It was shown to be renormalizable for
arbitrary manifold dimensions I0 [47,48]. This means that the large scale properties are
universal, i.e. do neither depend on the regularization scheme used in these calculations, nor
on the form of the contact interaction, as long as it is short-ranged. Universal quantities have
thus been obtained to one-loop order. They are related, as we will be shown in section 2, to the
correction to scaling exponent  , which as usually in critical phenomena contains deviations
from the long-distance scaling behavior.
The aim of this work is two-fold: First, we present the necessary techniques to treat the
model (1.3) beyond the leading order. We explicitly perform a two-loop calculation which
gives the correction to scaling exponent  at order c
M
. Specializing to membranes one finds that
the 2-loop result naively diverges in the limit of ﬃ  . This is a problem of the c -expansion,
since there, diagrams have to be evaluated at cI !0/n'pon !&%L%& , and taking  ﬃ  implies
'sok ![%ﬃ q causing the result to diverge. Following the above mentioned strategy which
has been applied successfully to the calculation of the anomalous dimension of self-avoiding
membranes we set up the expansion in c about some point  ! ~I/n'poS !&%L% and extrapolate
along some appropriate path to physically interesting points  X0/S'g% . It will turn out that the
result always depends strongly on the expansion point. Thus, the correction at the two-loop
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level is ambiguous as long as one is only interested in the limit ﬃ  . This motivated us to
try a “massive scheme” in fixed dimension, i.e. at finite c . It turns out that the limit  ﬃ 
can then be taken and is regular. Even more, the  -loop diagram, which for l can only be
calculated numerically, can now be evaluated analytically. This striking property even holds for
higher orders, and we are able to give an explicit – quite simple – expression for the perturbation
series. In a second step the whole series can be summed and the strong coupling limit analyzed.
This is one of the very few cases where one can indeed obtain the exact relation between bare
and renormalized coupling in the limit of ﬃ  , and thus the exact   -function. This result does
not depend on the explicit regularization and renormalization prescriptions, and is also obtained
for a membrane of spherical or toroidal topology. Furthermore, it turns out that the behavior
of the effective coupling, which is logarithmically diverging for large membrane sizes, together
with the value of the correction-to-scaling exponent  , which is therefore forced to be zero, can
not be extrapolated from any finite loop expansion. In a final step, we lay the foundations for
an expansion about ¡ . In contrast to the leading order, the first order corrections already
depend on the cut-off procedure. We studied one specific procedure already in [49], which turns
out to reproduce results for polymers at leading order approximately, and even exactly in '¢) .
In order to obtain exact results, we decided to set up the expansion in " on a manifold
of toroidal internal topology; this corresponds to periodic boundary conditions. Our aim is to
expand the exponent  about r and this way to prove the smoothness of the limit ﬃ  .
This will be further discussed in the sections 6 and 7. The following introductory sections are
a short expose´ on tethered manifolds and the crumpling transition motivating Hamiltonians like
(1.1) and (1.3). In section 2 we further discuss the model (1.3) and show, how the correction-to-
scaling exponent  is related to interesting physical observables, which might be also accessible
to Monte-Carlo simulations.
1.2 Tethered surfaces and their realizations
Tethered surfaces are systems of particles (atoms or monomers) that are connected to form a
regular two-dimensional array embedded in ' -dimensional space [50] . Independently from the
precise type of the a lattice as well as from the form of the bonding potential between the
neighboring particles of the network, it is essential that the bonds between the adjacent atoms
or monomers of the array can not be broken. This is in contrast to fluid membranes, where
molecules making up the membrane can freely circulate within the surface. The distances
between adjacent particles are subject to thermal fluctuations which are controlled by the next-
nearest-neighbor bonding potentials. This is, too, in contrast to fluid membranes, whose particle
density stays constant, while they undergo pronounced shape fluctuations. This property is the
reason, why the question is still under debate whether the flat phase of fluid membranes be-
comes unstable with respect to thermal fluctuations or is rather stabilized, [51–55].
For tethered surfaces the situation is by far clearer: As long as no self-avoidance is taken into
account, they are known to undergo a bending rigidity induced continuous phase transition sep-
arating a stable flat phase from a crumpled fractal phase. Due to the fixed connectivity tethered
surfaces closely resemble linear polymers. The spatial conformation of a linear polymer can be
described by a set of position vectors
?
1I £JA% , where J is the internal index and
?
1I KJA% the location
in embedding space of the indexed monomer. Then, a natural generalization to a surfaces is
made by use of a two-dimensional vector
?
J as an index denoting the internal position of the
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Figure 1.2: Extended view (right) of the crystalline spectrin/actin network which forms the cytoskeleton of the red
blood cell membrane (left) .
atom. Such use of a fixed (flat) internal space and its clear separation from the external vari-
able
?
1 , on which the Hamiltonian of the system depends, enables an unambiguous definition of
the statistical measure for the configurational space, thus avoiding problems regarding a proper
measure as they are addressed in [54] in the case of fluid surfaces.
A naturally occurring physical example of tethered membranes are the cytoskeletons of cell
membranes, which is essential to their stability as well as functionality. The simplest and most
thoroughly studied example is the cytoskeleton of mammalian erythrocytes (red blood cells).
The red blood cell cytoskeleton is a tethered network of triangular plaquettes formed primarily
by the proteins spectrin and actin (see fig. (1.2) from [4,56,57]).
Inorganic realizations of crystalline membranes are graphitic oxide membranes, which are mi-
cron size sheets of solid carbon. They are formed by exfoliating carbon with a strong oxidizing
agent [28–30]. Furthermore, metal dichalcogenides such as MoS
M
have also been observed to
form rag-like sheets [27].
1.3 Landau theory of the crumpling transition
In this section let us discuss an order parameter theory of the crumpling transition [17]. Any  -
dimensional manifold embedded in ' - dimensional space can be parametrized by
?
1(h
?
J00

"Aﬃ
?
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?
J¤%¥0
V
/ (1.5)
where
?
1I 
?
J¤% points to the position in embedding space of the manifold constituent labeled by?
J . For 8 , this represents a polymer, for  a membrane. Starting from a  - dimen-
sional lattice with nearest neighbor interactions, a statistical description is developed by coarse
graining this lattice so that the vector
?
J becomes a continuous variable, which labels a “bloc” of
lattice points. Translational invariance delimits the form of the free energy functional to depend
only on the coarse grained tangent vectors
?
¦¨§
e©
?
1f 
?
Jª%L9a©fJ
§
/«783/EzEzEz/S and its derivatives.
An expansion a` la Ginzburg-Landau for small tangents then leads to an effective free energy
[58]:
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The last term is a nonlocal excluded volume term, which represents the effects of self-avoidance
at large length scales. Identifying the tangents
?
¦¨§
with a set of order parameters  § /¢«
83/EzzEz/S , an analogy with the normal ^ theory becomes apparent. However, this analogy is
only valid at the mean-field level.
At high temperatures one expects a crumpled phase, where ¦ is positive for entropic reasons,
while the other terms are irrelevant on large scales.
­
denotes the bending rigidity, and the other
elastic constants
¦
/¯ and -² are related to the Lame´-coefficients of Landau elastic theory.
At low temperatures, the microscopic surface tangents tend to align in order to minimize the
microscopic bending energy, driving the manifold to form a flat phase ( ¦ y ). The manifold
is stabilized by the anharmonic terms, provided that ¯µ´ﬁ and ² hj¶-² O·¯¤9;~´ﬁ . There is a
continuous transition between these phases when ¦i¸ «¥ K¹·",¹AoN%¥r . This can be seen within
mean-field theory. In the absence of self-avoidance we make the ansatz
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where the sum is over two orthogonal cartesian unit vectors spanning a flat surface. Minimizing
the corresponding mean-field effective potential,
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leads to the following solution:
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Consequently, there is a flat phase for ¦  and a crumpled phase for ¦ ´¡ , separated by
a crumpling transition at ¦  . Figure (1.3) shows a “phantom” membrane in typical states
below, above and at the crumpling transition (Monte-Carlo samples from [59]).
1.4 Properties of the flat phase
Fluctuational states around the ordered state can be parametrized as
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where the summation over « is as in (1.7), while the
?
À
± are orthogonal to the latter. Specializing
to membranes in '[Îu there is a single orthogonal space dimension. Inserting (1.9) into (1.6)
leads to lowest non-trivial order to
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Figure 1.3: Crumpled phase (a), crumpling transition (b) and flat phase (c). No self-avoidance.
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ÍI±a@ denotes the strain matrix.
It was shown in [60] that the renormalized bending rigidity grows at large distances and stabi-
lizes the stretched phase against undulations. For small wavevectors
?
Ú one finds an effective
rigidity
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Qualitatively, this is easily understood intuitively: Consider a low energy state of the nearly flat
membrane, which is for instance a single low-wavevector undulation 1. It does not necessitate
any stretching of bonds between adjacent molecules. However, adding to the long-wavelength
deformation with wavevector
?
Ú
¾
another short-wavelength deformation
?
Ú
M
with ä
?
Ú
¾
ä;å ä
?
Ú
M
ä and?
Ú
¾Yæ
?
Ú
M
, this will induce a space varying gaussian curvature, which inevitably forces to locally
stretch and squeeze bonds. Thus, the free energy of the short wavevector undulation is raised
up with respect to the same undulation on the flat background. Correspondingly to (1.11), the
normal-normal correlation function stays always finite:
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where
?
ó
 KJA% denotes the local unit normal vector on the surface. Therefore, the membrane stays
always oriented. The symmetry is broken, and the membrane is flat. This seems to be a vi-
olation of the Mermin-Wagner theorem: In fact, the fluctuations in the membrane give rise to
1Out-of-plane fluctuations called undulations are to be distinguished from internal phonon modes.
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long-range interactions, to which the Mermin-Wagner theorem does not apply.
1.5 Properties of the crumpled phase
In the crumpled phase the free energy is governed by an entropic elasticity [15] such that (1.6)
reduces to <
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The spatial extend of the manifold is characterized by its radius of gyration, which is defined as
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In the case of polymers ﬂ denotes the number of segments, while for ; surfaces, correspond-
ingly, it is the number of plaquettes. The radius of gyration is the mean squared distance of the
surface constituents from the center of mass of the manifold. It scales with the linear size ù of
the manifold like
$b
ÝﬁùYú+/ vûr8 (1.15)
and is related to the plaquette density correlation function, which is easily accessible experi-
mentally by light scattering, small-angle ü -ray scattering etc. [61].
For large manifolds
$b
scales like the two-point function
8
a'
ð
 
?
1I 
?
JA%	"
?
1# 
?
Wf%L%2ò
÷
ø

ä
?
J"
?
W5ä
M
â

 !+",&%2ý

/ (1.16)
where þ is a microscopic cutoff. One then finds:
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Taking self-avoidance into account gives rise to corrections to the exponent v . This can be
understood within the Flory approximation: It consists in replacing
?
1# 
?
J¤% in (1.6) by the radius
of gyration and derivatives with respect to J § by 8:9;ù as well as the integration over the internal
volume by ù

, leading to
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The contribution from the bending rigidity
­
can always be neglected with respect to the terms
proportional to ¦ and ¯¢OÙ -² , respectively. Minimizing (1.17) provides:
$b
Ý
Ä
ù/ as ¶×' and ¦ 
ù
ú
Flory
/ v Flory  M
Ł

M
ŁfV
/
¦
´
For polymers the Flory approximation makes predictions, which are sufficient for experiments.
The prediction for membranes in '(lu , v ^  , is close to what has been found in field theoretic
calculations to two loops ( v wﬁ#zj{3} ).
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2 Model and physical observables
2.1 The model
We start from the manifold Hamiltonian (1.3). We split the total embedding space 
VLŁfV 
into  and its orthogonal complement  of dimension ' . Each J points to a point?
1I KJA%2 
?
1Y KJA%k/
?
1G £JA%2% , with
?
1G KJA%&) and
?
1Y KJA%[ﬁ . The integration over the subspace 
is then trivial and gives
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1 KJA%2%ãz (2.1)
In the partition function ﬀ
ﬁ

ﬂﬃ

B 
=X?
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<=X?
1:@£% (2.2)
the contributions from the parallel and orthogonal components of
?
1I KJA% factorize as
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with

R

B* 
=X?
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(2.4)
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1Y KJA%L%
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Since

R
is trivial, we will only consider
<

=!?
1,A@ and shall drop the subscript  for notational
simplicity. We keep in mind that cases with 'Ù¶ make sense, for instance a polymerized
(non-selfavoiding) membrane interacting with a wall is described by (2.6) setting ¶ and
'(Î8 .
Let us discuss (2.6) in more detail: The first term is the elastic energy of the manifold
which is entropic in origin. We have scaled elasticity and temperature to unity. The second
term models the interaction of the manifold with a single point at the origin in the external
' -dimensional space, but we remind that the physical interpretation may well be that of a line
or surface. The coupling constant .
R
may either be positive (repulsive interaction) or negative
(attractive interaction). We now give the dimensional analysis. In coordinate-space units, the
engineering dimensions are
dim
=
JÜ@¤e8
vûhj dim
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c¢h dim ¬
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
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1I KJA%2% ³ )",vI' (2.7)
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Figure 2.1: Critical line defined through 1325436798;:=<)>?2 @BA
@DCEA
. The interaction is relevant for points that lie
above that line.
where
Ò
¸
8
ù
(2.8)
is an inverse length scale. The interaction is naively relevant for c0´y , i.e. ' y'po with (see
figure 2.1)
'so
a
#"m
/ (2.9)
irrelevant for c) and marginal for c  . It has been shown [47,48] that the model is
renormalizable for µ  and c Æ  . Results for negative c are obtained via analytical
continuation. One can define the renormalized coupling . as
.
hj F

F
=

 !s%	"

 
.
R
%¨@:ù
-
/ (2.10)
(b)
0
(β
0
(c)
(β
(a)
0
(β g) g) g)
gg
g*g*
g
Figure 2.2: RG-function and flow for increasing manifold size G for the dimensionless renormalized coupling H :
(a) in the case 1IJ4 , (b) in the case 1KJ4 , (c) in the case 1?2L4 .
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where the normalization
F
depends on the definition of the path-integral (but not on ù ) and is
chosen such that
.

.
R
ù?-_OÙZ  
.
M
R
%ãz (2.11)
Universal quantities are obtained at fixed-points of the   -function, which is defined as
 i 
.
%ihjlÒ
©
.
©ÜÒ
M
M
M
M
b
ø
z (2.12)
The   -function thus describes, how the effective coupling . changes under scale transforma-
tions, while keeping the bare coupling .
R
fixed. Let us already anticipate the 1-loop result,
which we derive later. It reads
 ¥ 
.
%YÎ"ïc
.
O
8

.
M
O°Z[ 
.ON
%/ (2.13)
where . is the dimensionless renormalized coupling. Apart from the trivial solution, . ¡ ,
the flow equation given by (2.12) and (2.13) has a non-trivial fixed point at the zero of the
  -function
.QP
ﬁ:c O°Z[ Kc
M
%ãz (2.14)
We shall show below that the scaling behavior is described by the slope of the RG-function
at the fixed point, which is universal as a consequence of renormalizabilty. The long-distance
behavior is then governed by the
U
-interaction as considered in our model (2.6), which is the
most relevant operator at large scales. Let us now discuss possible physical situations (see fig.
2.2):
(a) cg´ï : The RG-flow has an infrared stable fixed point at . P ´e and an IR-unstable fixed
point at .   . The latter describes an unbinding transition whose critical properties
are given by the non-interacting system, while the non-trivial IR stable fixed point deter-
mines the long-distance properties of the delocalized state, the long-range repulsive force
exerted by the fluctuating manifold on the origin – which we remind may be a point, a
line or a plane.
(b) cgï : Now, the long-distance behavior is Gaussian, while the unbinding transition occurs
at some finite value of the attractive potential, . P  , which corresponds to an infrared
unstable fixed point of the   -function. Below . P the manifold stays always attracted.
(c) c7 : This is the marginal situation, where the transition takes place at . P  ; we
expect logarithmic corrections to scaling.
Note that in the presence of an impenetrable wall constraining the configurational space strictly
to half of the embedding space, the above considerations should still apply, when shifting the
interaction strength appropriately. We shall discuss that in 2.4.
2.2 Repulsive force exerted by a membrane on a wall
Since we are mainly interested in the long-distance properties of membranes for which always
c(´ (this is (a) on fig. 2.2), let us try to calculate the repulsive force exerted by the membrane
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on the origin in the case that this point is strictly forbidden. We will derive a universal expression
for this force [48]. We need the (not normalized) membrane density at position
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Since the
U
-interaction also appears in
<
, we can relate the density at the origin to the derivative
of the partition function with respect to .
R
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where . is the renormalized or effective coupling defined in (2.10). Since
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% is dimen-
sionless, it depends on the dimensionless combination .
R
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-
(and c ) only. Using Ò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obtain
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For the further considerations, it is sufficient to know the behavior of the   -function close to the
nontrivial zero. Expanding about .  . P , we have
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%ãz (2.18)
Combining (2.16), (2.17) and (2.18), we get
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The solution of this differential equation is
.
"
.&P
Ý 
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-®O×zEzEz>z (2.20)
Using (2.17), this implies the scaling law
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We now use this result to derive a scaling law for

 
?
1p/
.
R
% , with
?
1XW
?
 . In addition to .
R
ù
-
(and c ),

 
?
1p/
.
R
% depends on
?
1 ; taking into account rotational symmetry and dimensionality, it
depends on
?
1 only through the dimensionless combination 1a9aù
ú
, with 1 ä
?
1Ñä :

 
?
1g/
.
R
%ã

 K139aùYú;/
.
R
ùY-n%z (2.22)
For

 
?
1g/
.
R
% , the most interesting limit is that of .
R
ﬃ q . Physically, this corresponds to strictly
forbidding monomers to be at the origin. Therefore it is clear that this limit is well-behaved,
and 
î
 K139aùYúE%¥h
çëèéê
b
ø
íïî

 K139aùYú;/
.
R
ùY-n% (2.23)
is finite. In order to be consistent with (2.21) it has to obey a power law in the scaling regime
1 å ù
ú

î
 X1a9aùYú %ãÝ K139aùYúE%[Zz (2.24)
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Comparing the ù -dependence of

î
 K139aù
ú
% and

 
?
I/
.
R
% , we obtain the exponent identity
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%
v
z (2.25)
Finally, from (2.24) we derive the repulsive force between the origin and the manifold
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z (2.26)
Note that to derive this result, ßsà¤¹ has been set to 1. Reestablishing the temperature-dependence,
we find ?
]
 
?
13%Y)ßpà¤¹
\
?
1
1
M
z (2.27)
Also note that this argument gives
\
y at the Gaussian fixed point, which is necessary since
for .
R
l no force is exerted on the membrane.
2.3 Monomer density
Let us once again turn to the ensemble as defined in (2.16). The expectation value of the
monomer density at the potential,
ð
ó
 Xs%2ò , where also the manifold is pinned, is obtained from
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where m mls%ãÎ"ïclÜ !©Ü ®9a©nls%29 ¥ mls% and  i Bls%ãe"cl3© . 9a©nl .
In particular,
çéèëê
k
íïî
m Bls%ãm 
.
P
%´ . The monomer density can be measured in a Monte-Carlo
simulation and therefore offers a possibility also to check predictions for membranes  !dra% .
Let us point out that starting from the natural assumption that as long as c\´ the monomer
density at the potential stays finite in the scaling limit of large manifolds one may directly
deduce the existence of a strong coupling expansion of the effective coupling .  Bls% :
.
 Bls%ã
.&P
"obp 
ç
ls%pl
âUT

-	O°Z[ Bl
ârq
%Y/ (2.30)
where b denotes some function that increases at most subexponentially and sr´°¥9c¢´ .
2.4 Unbinding transition
Let us discuss the physical situation at the UV-stable fixed point in figure 2.2. The fixed point
corresponds to a delocalization transition of the manifold, which is at vanishing coupling . P 6
for cg´$ and at some finite attractive coupling . P $ for c# .
In the localized phase .  . P , correlation functions such as
ð
=!?
1f £JA%	"
?
1f KWf%@
M
ò and the associated
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correlation length
¿
 (in the  -dimensional internal space) should be finite, as well as the radius
of gyration
¿
 . Approaching the transition point these quantities diverge as [45]
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Since
¿
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ú

, the exponents v  and v are related through
vw vrNv / (2.32)
v being the dimension of the field (2.7). To relate vr to  , we first observe that
¿
 depends
only on .
R
and the membrane size ù , or its inverse Ò8 9aù . Writing
¿

as a function of the
renormalized coupling . and the scale Ò , we thus have
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where the dimension-full factor 8:9;Ò has been factored from the dependence on the dimension-
less renormalized coupling . . Using that j
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The solution to the above equation is
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This leads to the identification
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Note that m . P %G at the transition. Specializing to  X0/S'g%2 ¨83/E8:% , we find
v 8 / v

  z (2.37)
These exponents are also valid for the delocalization transition of a 8 -dimensional interface
from an attractive hard wall in  -dimensional bulk space [39,45,37]. This can be understood
as follows: The partition function of a fluctuating polymer interacting with a
U
-defect at the
boundary of a hard wall can be written as

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±9|
/ (2.38)
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"Ñﬃ
Figure 2.3: A polymer (here for simplicity directed) in interaction with a wall (thick dots). Left before and right
after flapping up. The grey area is impenetrable.
where the sum runs over the number of contacts with the defect hyper-plane. } denotes the
contact energy,  d !ßpàª¹m% â
¾
and

y is the constrained partition function of the free interface
having exactly ó points of contact with the defect. The powers of
¾
M
only appear in the presence
of an impenetrable defect and reflect the fact that all configurations in the presence of a hard wall
can be obtained by flapping up those parts of the polymer which have penetrated the line (see
figure 2.3). This accounts for a factor
¾
M
for each possible flap. Thus, the hard wall constraint
translates into a shift in the binding energy according to
}~
ﬁnUﬂﬃﬃ
"Aﬃ }
Uﬂﬃﬃ
}~
ﬁUﬂﬃﬃ
OÙßsà¤¹
ç_
 z (2.39)
The delocalization transition occurring for  X0/S'g%2 ¨83/E8:% at vanishing potential strength is shifted
to an attractive interaction dependent on the temperature. Due to the correspondence (2.39) the
exponents characterizing the transition remain unchanged.
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3 Operator product expansion and one-loop result
The partition function of the model has been defined in (2.5). Analogously, we define the
expectation value of an observable x K13% as (we denote 1 for
?
1 from now on)
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Most physical observables can be derived from expectation values of general  -point vertex
operators like
x K13%Y

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z (3.2)
Before we go on, let us make some changes in normalizations which will be helpful in the
following. First, we rescale the field and the coupling constant according to 2
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Second, we change the integration over internal coordinates to
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being the volume of the  -dimensional unit-sphere. Third, the normalization of the
U
-distribution
is changed to
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The advantage of these normalizations is that
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The model in the new normalizations now reads
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and (due to the factor of 8:9I *m",&% in the above definition) the two-point correlator is
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2At this stage this is to be undertood only as a formal procedure, that simplifies calculations. All loop integrals
are normed with respect to the one loop integral. The precise meaning in the limit < is discussed in section
(6.8).
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We now proceed with the calculation of physical observables. As an explicit example, let
us consider the perturbation expansion of the 8 -point vertex operator
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This can be written as
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where we have already integrated out a global translation of the field 1 . The Gaussian average
is:
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The

È

Ì
 in (3.11) posses short distance singularities for ﬂ Æ  . In order to analyze these sin-
gularities we will use the techniques of normal ordering and operator product expansion in the
sequel. In our problem the procedure of normal ordering a vertex operator !
»
Ö
D^
È
C[
Ì
turns out to
be quite simple: In any expectation value, we factorize out the contractions between the vertex
operators. At one-loop order or equivalently at second order in (3.10) this means that
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This can be understood as a definition of the normal ordered product h¨!
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h . Note,
that equality in the above equation is meant in the sense of operators, that is when inserted into
expectation values within the free theory.
Let us now turn to an explicit derivation of the OPE of two
U
-interactions, i.e. we study (3.14)
for small distances J
¾
"J
M
. Since the short-distance singularities appear only in the internal con-
tractions, the normal ordered product in the r.h.s. of (3.14) is regular for small distances J
¾
"$J
M
and thus can be expanded therein. We then project the resulting terms on the corresponding
operators. For that purpose we make a change in the momentum variables according to
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In internal space we change coordinates to the center of mass system:
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Thus, the r.h.s. of (3.14) takes the form
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Integration over ß
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Restricting ourselves to the most relevant next to leading operators for internal dimension 
smaller than, but close to  , the operator product expansion reads:
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The OPE-coefficient in front of the leading operator, which is the
U
-interaction itself, carries the
leading short distance singularity. In the following we introduce some diagrammatic notation.
Denoting
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we abbreviate the projection of two nearby
U
-interactions on the
U
-
interaction itself as
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We now analyze short-distance divergences of the perturbation expansion using the OPE in
(3.18). Being interested in the leading scaling behavior, we drop all subdominant terms for
0Î y
, such that we only need the leading OPE-coefficient (3.20). The integral over the
relative distance in

T
 
ä % is logarithmically divergent for ca6 . In order to define a counter
term we use dimensional regularization, i.e. we set cg´ . The integral is then UV-convergent, but
IR-divergent. An IR regulator or equivalently a subtraction scale Ò5+ù â
¾
has to be introduced to
define the subtraction operation. Generally, we integrate over all distances bound by the inverse
subtraction scale ù . The OPE-coefficient in (3.20) then reduces to a number as
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Let us use the scheme of minimal subtraction (MS). The internal dimension of the membrane
is fixed and (3.21) is expanded in a Laurent-series in c , starting here at order c â
¾
. Denoting the
term of order c  in
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, the simple pole in (3.21) is
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24 Interacting Crumpled Manifolds
Of course, in this case, due to our normalizations, this is exact.
Let us rewrite the Hamiltonian in (2.6) in terms of the renormalized dimensionless coupling . .
For perturbative calculations it is custom to write
.
R

.
f
b
Ò±-¥/ (3.23)
where
f
b
is the renormalization factor, which is fixed by demanding that observables remain
finite in the limit of c ﬃ  . The Hamiltonian becomes
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We find to one-loop order
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There is no field-renormalization since the elastic part has also to describe the manifold far
away from the origin, for which the interaction term can be neglected. Formally, of course, this
follows from the OPE. The renormalization group   -function is defined as
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from what follows together with (3.23) that
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To one-loop order we obtain from (3.27) and (3.25) as anticipated earlier
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The long-distance behavior of the theory is governed by the IR–stable fixed point of the RG–
flow. Fixed points are zeros of the   –function:
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In section 2.2, we had defined the correction-to-scaling exponent  . It is obtained from the
slope-function m . % , defined as
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The correction to scaling exponent is m . % evaluated at the fixed points, and is found to be
m 
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Of course, this result is apart from the very existence of a fixed point rather trivial, since it is
determined through the leading term of the   -function, which is always "ïc . . In order to obtain
any non-trivial information from the perturbation series it is thus necessary to go beyond the
leading order.
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4 Two-loop calculation in a MS-scheme
4.1 Operator product expansion
Let us now continue with the calculation at the two-loop order. At each order of perturbation
theory there is only one new diagram. At two-loop order this comes from three coalescing
U
-
interactions. Again, let us rewrite the product of the three vertex operators as its expectation
value times the normal ordered product:
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We use the following change of coordinates
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As at 1-loop order, h=!
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dropping the gradient terms. Further shifting ß
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Integrating over ß
¾
, ß
M
and ß
N
yields the final result
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where the OPE–coefficients are given by
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which contributes to the renormalization factor at two-loop order. The first subleading term is
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4.2 Numerical calculation in ¶×
Let us now turn to the explicit calculation of the second order contribution to the coupling con-
stant renormalization. To two-loop order the renormalization group ÄYÅ -factor for the coupling
constant reads
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Note that this Ä?Å -factor can either be obtained from (2.10) and (3.23) or by expanding the
perturbative series and checking that divergent contributions proportional to ë
ì
å¨íå½î
è;è
cancel.
The formula is arranged such that in the brackets the second order pole in ï cancels. This is,
because to leading order in Çðwï , the two-loop diagram factorizes into two one-loop diagrams.
The combinatorial factor of
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Ì
is composed of a factor of 3 for the number of possible subdi-
vergences, and a factor of Çð
Ì
for the nested integration: The subdivergence in the distance say
ñ only appears in the sector (i.e. part of the domain of integration) in which ñ is smallest.
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Let us already note that we will later calculate in a “massive” scheme in fixed dimension ù .
In order to use the results derived here, we keep ù arbitrary instead of setting ùúÆûùUü . We
now want to derive an expression which can be integrated numerically. Since the bounds on
the integrations in (4.8) are asymmetric (remind that in Í Î
Î
Ï
ø
all 3 distances ñ , ý , and þ
are bounded by ö , whereas ß   
Õ
ø
is an integral with two bounds only) we treat both terms
separately. We start with the first one, which can be written as
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The divergence when integrating over the global scale is eliminated by noting that ö
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. There remains of course the sub-divergences, which will be subtracted later by the
counter-term. Applying this procedure to (4.9), we obtain
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Since the integral is symmetric in ñ , ý , and þ , we can replace it by 3 times the first term.
Introducing proper normalizations, an explicit representation for the measure and factoring out
the explicit ö -dependence, we obtain
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We also have to derive an expression for the counter-term. It can be written as
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Figure 4.1: Area of integration (dashed) of the first integral in (4.13). The intersection with - is to be mapped onto
.
Using the same trick to derive w.r.t. the IR-regulator as above, we obtain
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Using the technique of conformal mapping, which is presented in appendix E, both integrals
above can be transformed into one having support in the single sector
*
defined through
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 ñ
, (where here ñ is set to Ç ). Analogously, we define sectors + and , , as the subset
of domains where ý respectively þ is the longest distance. Note that the first term in (4.13) only
has contributions from
*
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+
, while the second can be restricted to
*
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,
after renaming
ñ into ý and þ into ñ .
Performing explicitly the mapping of both
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Combining the contributions from all sectors, we arrive at
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Combining (4.11) and (4.15), we obtain an expression for the complete diagram
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This expression will also be used later in a massive scheme. Since here we are only interested
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in the ï -expansion, we take the limit of ïD E in the integrand. We have made the (non-
trivial) check that the integrand remains a finite integrable function, which can be integrated
numerically:
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Let us now proceed with the explicit numeric evaluation of (4.17). There are integrable sin-
gularities both in þ  and þ#" . To disentangle them [26,20] we make a change of variables from
Cartesian coordinates åBþ  ôþ8"
è
to radial and angular coordinates åmþwô)L
è
according to
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where the upper bounds of [ ð
Ì
on L and Ç on þ is due to the bound of Ç on ý and þ . We can
further restrict integration to the half-sector with þ]\ý . In this sector, there remain singularities
for small L and small þ . The reader is invited to verify that they are eliminated by a second
change of variables
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Figure 4.2: Numerically obtained results for the two-loop diagram in the MS-scheme. Some values are tabulated.
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Figure 4.3: Correction to scaling exponent d for egfihkj#lRm hnj%o with different extrapolation parameters
egfGlRmpolAeVfqlZrseVfqlRmpoWoJlAegfGlRfKt)egmpoWo (from left to right). The abscissa labels the corresponding internal dimension
fCu of the departure point on the critical line rseVfku#lRm#u%ovhxw .
The above method works for ózyÇ only. For ó{\ Ç , one has to analytically continue the inte-
gration over þ#" in (4.11). This can be done by partial integration, since the integrand does not
explicitly depend on þ8" but on þÆ}| þ
Õ
"
Éäþ
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. To have no boundary terms, one should partially
integrate before mapping everything onto the sector
*
. We have explicitly checked consistency
with the earlier used measure for Ç~\)ó\
Ì
. Note finally, that in the special case of ó Æ Ç in
(4.17) the integration measure becomes a distribution reducing the integration measure to a line
along þ

.
The diagram is shown on figure (4.2). It grows as ó
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In the case of polymers ó Æ Ç it vanishes. The reason is that the diagrams factorize, and thus the
1-loop result is correct to all orders when working in an appropriate scheme. (See e.g. [4].)
4.3 RG-function and extrapolation
From (3.27) the renormalization ^ -function in second order of perturbation theory reads
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Figure 4.4: Correction to scaling exponent d for different extrapolation points egfqlvmPo : Extrapolation parameters
are egfqlvfKtAeVmPoRo (top) and egfqlvmPo (bottom). The abscissa labels the corresponding internal dimension fCu of the
departure point on the critical line rsegfCu#lRm#u)ovhxw . Furthermore, the two-loop values with minimal sensitivity with
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32 Interacting Crumpled Manifolds
The long-distance behavior of the theory is governed by the IR–stable fixed point of the RG–
flow. Fixed points are given by zeros of the ^ –function:
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The physically interesting nontrivial fixed point is the one that is next to zero. In an ï –expansion
it reads:
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The correction to scaling exponent  at this fixed point is found in an ï -expansion to be
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The question now arises of how to calculate  for a given physical situation. The general
strategy that we follow in the MS-scheme is that we make use of the freedom to choose any
point on the critical line (2.2) around which to start our expansion [25,26]. To expand towards
some physically interesting point åBó ôù
è
we furthermore dispose of the freedom to follow any
path starting on the curve ïÆE . Since our expansion (4.24) is exact in ó but only of second
order in ï , we can equally well expand it to second order in ó around any point on the critical
curve. Now we can change our extrapolation path through an invertible transformation å¨î"ô%
è
Æ
å¨îßåmóõôù
è
ô%Jåmóõôù
è;è
. One expresses ó and ï as functions of î and  and reexpands  to second
order in î and  around the point å¨î ! ô) !
è
Æ å½î
!
åBó
!
ôùUüSåmó
!
èpè
ô)
!
åmó
!
ôuùrüåBó
!
è;èpè
, where we recall
that ùrü$åmó
è
is defined such that ïQåBó ôùUüåBó
è;è
Æ E . The aim is to find an optimal choice of
variables å¨î"ô)
è
. The guidelines for such a choice have been discussed in [20], where this
procedure has been successfully applied to extrapolate results for the anomalous dimension of
self-avoiding membranes. As a general rule, we “trust” most a result that is the least sensitive
to the starting point of the extrapolation. Therefore, we would like to find a plateau for some
suitable chosen variables å½î"ô)
è
. This procedure works well for polymers, or more generally
for membranes with inner dimension close to 1. However it turns out that for membranes it
works much less well than in the self-avoiding case: we could not find a plateau, but at best an
extremum.
Some extrapolations are shown in the following figures (4.3, 4.4). We start with polymers
interacting with a
ì
-wall corresponding to the point åmóõôù
è
ÆØå[ÇEô,Ç
è
. (Note that for ù?\ Ì the
interaction becomes relevant for polymers.) This can be seen on fig. 4.3. The values obtained
from the plateaus appearing at the two-loop level åCqE
éEè
are quite close to the exact value
¤ÆRÇð
Ì
, known from the fact that the result in óÆRÇ at one-loop is exact. From the latter it
follows that it is best to use åmóõô;ï
è
as extrapolation parameters and to stay in óÃÆÈÇ .
Let us now turn to the results obtained for  extrapolated to points ó Æ
Ì (fig. 4.13): The
extrapolated value depends strongly on the starting-point on the critical line. We can identify
a least sensitive value, which lies below ó Æ Ç , reflecting the ó -dependence of the two-loop
diagram. We obtain identical results for different extrapolation paths. Note, that if we fix ù ÆÈÇ
and perform an ï -expansion in ó as is commonly done [62], then, this corresponds to starting
from ó	üSåBùOÆ Ç
è
Æ
Ì
ð
Ý
\ØÇ . The ù -dependence of the extrapolated values is recovered in the
massive scheme, which we discuss in the next section.
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5 Calculation in fixed dimension: The massive scheme
5.1 Phantom manifolds
An alternative scheme to an ï -expansion is a calculation in fixed dimension. This way we hope
to circumvent the difficulty that we faced when calculating the two-loop diagram in the previous
section in the limit of óD
Ì
: Since the diagram behaves like
5

ç
7
(=<
Õ
, it becomes large when
the dimension of the embedding space is large. When working in an ï -expansion, ù and ó are
related by ï Æ ó
Ô
ù±å
Ì
Ô
ó
è
ð
Ì
and sending ïD E before óD
Ì
imposes that ùD c . Thus
one would like to work at finite ù , thus finite ï . The diagrams are UV-convergent for ù\ ùUü .
They are cut-off in the infrared by a finite membrane size. Alternatively, we can use a “soft”
IR cut-off, that is we introduce a chemical potential   into the Hamiltonian and sum over all
manifold sizes. For polymers åBó ÆØÇ
è
this scheme corresponds to a “massive scheme” in an
ã åW¡
è
-symmetric, scalar ¢

-theory as can be seen via a de Gennes Laplace transformation on
the ¡ Æ£E component limit. (The correlator in momentum-space reads
ﬁ
¤
ÛI¥¦
) In the following
we keep a hard IR regulator and calculate the two-loop diagram in fixed dimension. We use
the analytical expression given in (4.16). For the numerical integration in Ç\ ó \ Ì we
proceed as before. The result for different embedding dimensions ù is shown graphically on
figure 5.1, where also some explicit values in the limit of óáÆ Ì are given. Note, that the exact
factorization-property in the limit of ó Æ Ç is only valid in the MS-scheme or in a massive
scheme with suitable soft cut-off as mentioned above. However, even the method is not tailored
to capture that feature, the obtained value ¤Æ§E
é
Ö in the case of åmóõôù
è
Æ*å[Çô,Ç
è
is not too far
from the exact value Çð
Ì
. We expect that higher order terms would again reproduce the exact
value of ÞÆØÇð
Ì
. Also note that results for membranes ( ó Æ Ì ) are close to those from the
ï -expansion, especially for small ù .
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Figure 5.1: 2-loop diagram in fixed dimension for embedding dimensions mphxw¬« ­ to mph¯® (from bottom to top). The
curves are only shown for values of f such that r °±w .
5.2 Self-avoiding membranes
Up to now we were considering a ó -dimensional polymerized “phantom” membrane interact-
ing with a point-like impurity in ù -dimensional embedding space modeled through a
ì
-potential.
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Figure 5.2: Correction to scaling exponent d for embedding dimension mphxw¬« ­ to mphﬀ® (from top to bottom). r is
restricted to r °w ; otherwise one has to work with an explicit UV-cutoff.
The infinite fractal dimension of the free manifold was causing problems, and since all opera-
tors of the type å
Ôi¶¸·
èJ¹
ì
å¨í
è
ônºﬀ»]E , attain the same relevance in óØÆ
Ì
, it is not clear whether
the model will break down. Physically, the problem is much better defined for self-avoiding
membranes. From field-theoretical calculations, which have recently been refined up to two-
loop [19,20], we know that two-dimensional self-avoiding manifolds embedded in three dimen-
sional space have an anomalous dimension of ¼

½E
é


. We now try to overcome the problem
of an infinite Hausdorff-dimension by a crude simplification: We approximate the self-avoiding
manifold by a Gaussian theory with the same scaling dimension, that is a Hamiltonian of the
type [47] ¾À¿
ísÁ±Æ
Ç
Â
Ô
ó
Ã
Ç
Ì
íå½î
è
å
Ôi¶
Ã
è
¤
<
Õ
íå½î
è
ô (5.1)
where
í
÷
îÅÄÅÆ

Ô
D íQå¨î
è
ÄÆ
(
as before providing the two-point correlator in our normalizations:
Ç
å¨î"ô%
è
Æ  î
Ô
± 
¤
	
é
(5.2)
The scaling dimension is
¼ Æ
Â
Ô
ó
Ì
é
(5.3)
We recover (3.9) by setting Â Æ Ì , but the model can be continued analytically to any real value
of
Â
, with
Â
»
Ì
. Setting
Â

Æ
Ì
¼

Éoó (5.4)
we get a Gaussian manifold with identical scaling dimension as obtained for self-avoiding crum-
pled membranes at two-loop. The critical embedding dimension of the interaction then reads
ùUü?Æ
Ì
ó
Â

Ô
ó
Æ
ó
¼

ô (5.5)
that is the interacting is relevant in ùﬂ\ùrü . For membranes ùUüDÆ
Õ
!%È ÉÊ

Ì
é
â
. All operators of the
type å
Ôi¶
¹
·
ì
(
å¨í
èpè
are at least naively irrelevant for º?yE , as
¿
å
Ô]¶
¹
·
ì
(
å¨í
èpè
Á±Æ
Ô
¼

åBù)É
Ì
º
è
(5.6)
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and the corresponding coupling has in inverse length units the dimension
¿
Ê

¹
Ł
!
Á Æ ó
Ô
¼

åBù É
Ì
º
è
\FE ô º?yE
é
(5.7)
We may repeat the calculation in the massive scheme setting the free scaling dimension ¼

ÆqE
é  
and åmóõôù
è
Æ	å
Ì
ô,Ç
è
. The result is shown in table (5.2).
Let us stress that this method can not be turned into a systematic expansion, since perturbation
theory neglects all effects of the non-Gaussian nature of the nontrivial crumpled state. We only
know that for ùËD c the Gaussian variational approximation for the Hamiltonian, i.e. (5.1)
becomes exact [63–65].
I 3å
Ê

è Ì
å
Ê

è
Ç -loop 1.000 1.15 2.71
Ì
-loop -0.379 1.49 3.10
Table 5.1: Two-loop results for self-avoiding membranes eVfihÍ8o approximated through a Gaussian theory having
identical scaling dimension Î¬Ï%hxws« Ð#­ . Results are shown for the corresponding diagram, the correction to scaling
exponent d and the contact exponent Ñ .
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6 Summation of the perturbation series in the limit Ò ÓÕÔ
In the last section we introduced a “massive” scheme allowing to perform the renormalization
procedure in fixed dimension. As can be seen in figures 5.1 and 5.2, the limit óD Ì can be
taken in the 2-loop diagram and is smooth. Surprisingly, this limit can be calculated analyt-
ically: Setting ¼¡ÆzE in (4.16), the integrand becomes constant, and thus trivial to calculate.
This is a striking property. Even more, if we slightly modify the regularization prescription,
this property holds to all loop orders in perturbation theory. Below, we will give an analytic
expression for the complete perturbation series, which allows for analyzing the strong coupling
limit. Furthermore, we show how corrections in å
Ì
Ô
ó
è
can be incorporated. We will see that
only the latter depend on the explicit cut-off procedure, a point which will be further clarified
below.
In the following– since we perform calculations on a torus – we slightly modify the rescaling
of the field and the bare coupling:
í;D íQå

å
Ì
Ô
ó
èpè
ﬁR<
Õ
ô
Ê
!
D
Ê
!
å

å
Ì
Ô
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è;è
(=<
Õ
é
(6.1)
Our aim is to evaluate the perturbation series of the effective coupling, which reads:
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The two-point function gets a factor å

å
Ì
Ô
ó
èpè
(=<
Õ
due to the rescaling (6.1). All other factors
å

å
Ì
Ô
ó
èpè
(=<
Õ
will be dropped. We discuss this at the end of this section in 6.8.
6.1 ¡ -loop order
In order to calculate the ¡ –loop contribution to the perturbation theory we need the SDE of
¡áÉÇ contact interactions. The normal ordered product of the corresponding vertex operators
reads à
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We choose î Ù
¥
ﬁ
as root in the renormalization procedure (for the precise definition, see below)
and therefore Â Ù
¥
ﬁ
to integrate over in order to obtain the
ì
-distribution (or its derivative), onto
which to project. We thus shift
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Ù
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Ô
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Ù
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ﬁ
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and rewrite the quadratic form in (6.3) as
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(6.3) then becomes (up to subdominant terms3 involving spatial derivatives of í )
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and the integration over Â Ù
¥
ﬁ
produces the
ì
-interaction and its derivatives; the latter come
from the first term in (6.4). They are subdominant and thus will be dropped. We abbreviate the
quadratic form in (6.4) as åBó
Ý
ç
è
, where the matrix elements are
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Integrating out the momenta
Â
ﬁ
ô
é,é9é
Â
Ù yields the operator product expansion of ¡áÉ¤Ç contact
interactions as
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6.2 The limit óD Ì and å Ì
Ô
ó
è
-expansion on the torus
Whereas (6.7) is still completely general, we now want to study the limit ó D Ì as well as
perturbations above it. We start by remarking that the propagator
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è
may be rewritten as
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where ö
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denotes the limit ó÷D
Ì
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è
. Accordingly, we define matrices ø
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such that
ó
Ý
ç
Æùø

!
Ł
Ý
ç
Éå
Ì
Ô
ó
è
ø
Ý
ç
ô (6.9)
where
ø

!
Ł
Ý
ç
Æ
Ç
Ì
ô
ìñ
Æúò
ø

!
Ł
ÝåÝ
ÆÈÇ (6.10)
3Here we argue in terms of an OPE. Note that in order to make these arguments rigorous, one should ask
of whether these terms affect the effective action at constant background-field. This is not the case, since then
ûkü
hýw .
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þ
ÆáÇðö . Note, that we obtained (6.10) from the limit ó D Ì in (6.6), and we used for Ç å½î
èthe infinite ó -space propagator
Ç
å¨î
è
Æ  î 
Õ
	
. However, the constance in the limit óD
Ì
for
noncoinciding points stays conserved, even if we are considering closed manifolds. Thus, (6.9)
together with (6.10) always stay valid as well as the following considerations:
Due to (6.9),
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let us expand the OPE-coefficient in (6.7) up to fourth order in Ì
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ó . Expanding first the
logarithm,
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To check the above result consider that
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The zeroth order is
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being the projector onto åDÇEô,ÇEô
é,é,é
ô,Ç
è
. Denoting by dim Im(P) the dimension of the space onto
which  projects one has the general formula:
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The inverse matrix of å  ÉY¡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can be inferred from the ansatz
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To obtain the first order contribution in å
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from eq. (6.12) we only need  Æ
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The trace of (6.18) can easily be performed, with the result
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In each order of perturbation theory we have to integrate the expression (6.7) over internal
distances. These integrals have to be regularized in the infrared through an appropriate IR
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Figure 6.1: Regularization scheme for the  -loop diagrams on manifolds with toroidal topology (periodic bound-
ary conditions). Here: fïhÍ
cut-off. In the preceding sections we have cut off the integrals such that all relative distances
between internal points were smaller than ö Æ Çð
þ
. Here, we are considering a finite manifold
of toroidal topology. In order to be consistent we need modify the regularization prescription
(3.21): Specializing to a squared piece of membrane all components of internal ó -dimensional
vectors î
Ý
are running from E to ö . Accordingly, all components of the difference vectors
î
Ý
Ô
î
Ù
¥
ﬁ
, where î Ù
¥
ﬁ
is a fixed, but arbitrarily chosen point, the root of the subtraction
prescription, are bounded by ö . Implicitly, all other distances are restricted through ö as well
(see fig. 6.1). Of course, on the torus the correlator has to be modified.
To simplify the calculations, we further introduce the following notation:
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with normalization
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which is chosen such that the overbar can be thought of as an averaging procedure, and espe-
cially
Ç)ÆÈÇ (6.22)
Thanks to our regularization prescription the integral of (6.19) over internal points can be re-
placed by
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Due to the internal symmetry of closed manifolds the expression above can be further simplified,
since
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Introducing a diagrammatic notation
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the ¡ -loop integral reads up to first order in
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For the further analysis we will not only need (6.23), but also the terms appearing to sec-
ond order in Ì
Ô
ó in (6.14). We derived expressions like (6.23) for Tr
Õ

and Tr 
Õ
with
Mathematica ﬂ R. The Mathematica ﬂ R–program will be presented and discussed in the appendix.
It is based on the fact that all terms to appear in the expansion (6.14) are of the form Tr
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or products of the latter and therefore can be written as P åR¡
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and P åR¡
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is some polynomial in ¡ . It will turn out soon that it is convenient to expand the
polynomial P åW¡
è
in terms of the following base:
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We obtain:
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Diagrammatically, the averages can be rewritten as
i
j
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and
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Like in the case of the first order diagram (6.28) and (6.29) are highly simplified as compared
to an open manifold. The averages over both any open chain of two propagators like in (6.30)
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and any closed loop of two propagators like in (6.31) are independent from the position of the
root î Ù
¥
ﬁ
. Diagrammatically, this symmetry can be written as
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Combining (6.14), (6.23), (6.28) and (6.29) the ¡ –loop integral reads up to the second order in
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Then, we finally obtain for the renormalized coupling
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This can also be written as
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4The expression in parenthesis is the inverse renormalization &(' -factor which relates the bare coupling )4u to
the renormalized coupling ) according to )*& ',+.- h/) u .
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Absorbing a factor of
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both in
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we obtain the final result
Ê
Æ10
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åR¡õÉ Ç
è
(=<
Õ
¥
ﬁ
Éå
Ì
Ô
ó
è
ù
Ì
0
Õ
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åR¡õÉ
Ì
è
(=<
Õ
¥
ﬁ
i
j
Ô
å
Ì
Ô
ó
è
Õ
ù
â 
Ì
0
ç
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åW¡ É
Ý
è
(=<
Õ
¥
Õ
Ô
0

ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åW¡ É
â
è
(A<
Õ
¥
Õ

i
j
k
Ô
å
Ì
Ô
ó
è
Õ
ù
â

Ì
0
Õ
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åW¡ É
Ì
è
(=<
Õ
¥
Õ
Ô
Ý
0
ç
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åR¡ É
Ý
è
(A<
Õ
¥
Õ
É20

ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åR¡õÉ
â
è
(=<
Õ
¥
Õ

j
i
Ô
å
Ì
Ô
ó
è
Õ
ù
Õ


Ô
â
0
ç
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åR¡õÉ
Ý
è
(=<
Õ
¥
Õ
É20

ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åW¡ É
â
è
(=<
Õ
¥
Õ

i
j
k
Ô
å
Ì
Ô
ó
è
Õ
ù
Õ


Ì
0
Õ
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
åW¡ É
Ì
è
(A<
Õ
¥
Õ

j
i
Éäãæå
Ì
Ô
ó
èDçﬀé
(6.37)
This formula is the starting point for further analysis in the subsequent sections.
6.3 Asymptotic behavior of the series
In the following we are interested in the limit of large 0 (strong repulsion), which also is the
scaling behavior of infinitely large membranes. We therefore need an analytical expression for
sums like (6.37) in the limit of large 0 . An example is the leading order expression
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For the following analysis we need an integral representation of the above series. We claim that
for all
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This can be proven as follows:
Ç
4
å
(
Õ
è

ﬃ
!
d íí
(=<
Õ
ﬂﬁ
à8ê	ë
¿
Ô
0
à

·
Ô
Â
ísÁ±Æ
Ç
4
å
(
Õ
è
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú

ﬃ
!
d í)í
(=<
Õ
ﬂﬁ
à
ﬂ
Ù
¥
¤
Ł
·
Æ
Ç
4
å
(
Õ
è
ﬃ
Ø
Ù
$
!
å
Ô
0
è
Ù
¡
Ú
4
å
(
Õ
è
åR¡ É
Â
è
(=<
Õ
é
44 Interacting Crumpled Manifolds
This integral-representation is not the most practical for our purpose. It is better to set í;D 5
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This formula is already very useful for some purposes. It is still advantageous to make a second
variable-transformation 5]D 
÷
Æ15<0 , yielding
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Finally we remark that we usually have the following combination
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It satisfies the following simple recursion relation, which is helpful to calculate the ^ -function:
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The derivative above can also be rewritten as
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such that one obtains a useful formula in order to isolate the dominant behavior for large 0 :
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From (6.39)  ¤ å;0
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The result is
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For later reference, we note a list of useful formulas ( HLÆE
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is the Euler-constant)
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Note that with the above notations, the relation (6.37) expressing
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as a function of 0 becomes
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Making several times use of the relation (6.45), which can be rationalized with the help of an
algebraic manipulation program (see Mathematica ﬂ R–program in the appendix), the last equation
can be cast into a form, that makes the leading behavior for large 0 obvious at each order of
the expansion in
Ì
Ô
ó . Let us return to the notation of (6.24) and let us define a ”connected”
correlation function öYüå¨î
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Skipping the argument of the correlation function to be averaged, the notation simplifies to
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Note, that the leading behavior for large values of 0 has been absorbed into the terms ahead,
respectively. That is, at second order in Ì
Ô
ó , the leading behavior is isolated in
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. In
(6.55) it turns out that the diagrams to be calculated are ö and ö
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. On the torus this corresponds
to the evaluation of two discrete sums as will be reported in the appendix. We find:
öXÆ

Ø
¤*M
$
!
Ç

Â
Õ
Ô
Ç
Ì
[ å
Ì
Ô
ó
è
Æ
Ô
Ç
é
âJN
Ö
I
å
Ö
è
É

á
E
é
Ý
â
ÌEÌ
åDÇ
è
å
Ì
Ô
ó
è
É ã å
Ì
Ô
ó
è
Õ
(6.56)
and
ö
Õ
ü
Æ

Õ

Ø
¤<M
$
!
Ç

Â

ÆE
é
E
â
Ý
åDÇ
è
É ãæå
Ì
Ô
ó
è é
(6.57)

Â
is ó -dimensional with components
Â
Ý
Æ
Ì
[ ðö º
Ý
, and the indices º
Ý
are running from
Ô
c
to c , º
Ý
ÆE being excluded from the summation.
In the next two sections we shall present two formalisms which give results for  at second
order. It will turn out that the results catch qualitatively correctly the cross-over to ó Æ Ç ;
however they differ in the numerical values. This problem has already been reported in [49],
where the same procedure has been applied to open manifolds. There, we suspected this to be
a reflection of the fact that the å
Ì
Ô
ó
è
-expansion were not systematic due to an inconsistent
regularization prescription. Now working with closed manifolds of finite size, regularization
problems do not arise. Although the expansion on a torus considerably simplifies at second
order as compared to an open manifold ((6.32), (6.33)), however there remain series problems
with these schemes. They can be attributed to the fact that at second and higher order in Ì
Ô
ó
the ^ –function does not show up a finite limit for 0D c , as it should at the fixed point
(  TPO
:RQ
ﬃ
^­å;0
è
Æ E ). This problem, however, is no surprise. We expect the ^ -function to decay
for large values of 0 up to some scaling function like a powerlaw:
^­åA0
è 
0
.S~<
Ð
é
(6.58)
The dominant exponent containing the correction-to-scaling exponent  will have some expan-
sion in
Ì
Ô
ó . Therefore, an expansion of the ^ -function in powers of
Ì
Ô
ó will provide some
alternating series involving at each order powers of logarithms of 0 . Since the expansion of ^­åA0
èis alternating in
Ì
Ô
ó as we consider the leading behavior, there arises a zero at some finite

U=0


å
Ì
Ô
ó
è

Õ
. The scheme to be presented first is trying to circumvent the problem of a
diverging (truncated) ^ –function by treating the zero as a fixed point. Within the second scheme
to be presented thereafter, we first invert the series for the renormalized coupling providing the
bare coupling as a function of the latter. This also allows for expressing the ^ -function in terms
of the renormalized coupling.
Unfortunately, it turns out that within the
Ì
Ô
ó –expansion both schemes do not provide a sys-
tematic way to gain information about the correction-to-scaling exponent  at the fixed point.
6.4 The RG-functions in the bare coupling
The renormalization group ^ -function is defined as
^­å
ÊQè+÷
Æ
þ
ó
ó
þ
!
Ê é
(6.59)
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Since it is hard to invert the function
Ê
å;0
è
, it is advantageous to study ^ as function of the bare
coupling 0
^+å
ÊQèTﬀ
^­å;0
è
Æ
Ô
ïU0
ó
ó
0
Ê é
(6.60)
Taking to each order only those terms into account, which carry the dominant behavior for large
values of 0 , up to second order in
Ì
Ô
ó , we find from (6.51) using (6.43)
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Inserting the asymptotic expansions from the last section, this becomes
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where omitted terms have either one more power of å
Ì
Ô
ó
è
or Çð

UV0 . As shown in section 2,
universal properties are given by the correction to scaling exponent  , reading
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Let us first study ó Æ
Ì
. ^­å;0
è
and 3å;0
è
are plotted on figure 6.2. We see that for ùË\ Ì the
^ -function becomes 0 for 0?D c . For ù y
Ì
, ^+åA0
è
has no zero, but the flow of
Ê
is still to
infinity. In both cases  is given by  Æ

TPO
:RQ
ﬃ
3å;0
è
. Taking only the leading term in the
å
Ì
Ô
ó
è
-expansion of ^­å;0
è
, 3å;0
è
is given by
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From (6.62) it is clear, that to first order in Ì
Ô
ó we do not obtain any correction to the above
result. So, let us also take into account the second order in Ì
Ô
ó . Then the ”fixed point” (a
zero) for small enough Ì
Ô
ó of (6.62) is at the finite value
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Next, when trying to calculate 3å;0
è
, we face the following problem: Since we truncated the
series for
Ê
at order two in
Ì
Ô
ó , ^
F
å;0
è
does not vanish at the fixed point, i.e. the zero of ^­åA0
è
.
This might lead to the conclusion that 3åA0

è
is always c , an absurd result. However since
this is a consequence of the truncation of the series, we follow the strategy also to expand the
denominator of 3å;0
è
in powers of
Ì
Ô
ó . From (6.61) and (6.63) we obtain:
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Figure 6.2: X -function (left) and d (right) as functions of the dimensionless bare coupling Y for different dimen-
sions m : mhÀw¬« Í#­ lﬂws«í­ l w¬«DZ8­ lA«=«=«l\[ (from top to bottom, respectively). Note, that X always has a fixed point at
Y h¯w with d¯egwPoRh^] r . Furthermore, there is a fixed point for w`_mU_¯Í at Y h6a with d¯eba ovhxw , the latter remaining
true for m °¯Í . In mphÍcX tends to ]r as Yedfa . Above, X diverges.
Inserting the asymptotic series we find
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Inserting the fixed point (6.65), we arrive at
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This should be checked against the exact result in óRÆÞÇ , which reads
3åBó Æ Ç
è
Æ¤ï
é
(6.69)
Due to the smallness of ö
Õ
ü
our resummation-procedure thus only reproduces qualitatively the
behavior for finite Ì
Ô
ó .
Let us point out that the limit óÁÆ
Ì
has been analyzed in a completely consistent way within
this scheme. Setting ó Æ
Ì
in (6.67) the correction-to-scaling exponent is obtained from the
limit 0 D c in (6.64). Therefore, we always find ¡ÆùE (independently from ùyE ) in óÃÆ Ì .
On the other hand, starting from an ansatz like (6.58) and expanding it in powers of Ì
Ô
ó ,
the lowest order coefficient of +ðwï is obtained from the constant lowest order term in
Ì
Ô
ó in
the corresponding equation to (6.67). However, the ansatz (6.58) is oversimplified as will be
discussed in section 7. In particular it does not cover the limit óRÆ
Ì
. Before further discussing
the validity of the procedure, let us turn to the second scheme, namely the calculation in the
renormalized coupling.
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Figure 6.3: Xi] function in terms of the renormalized coupling ) truncated at order 160, Pade-resummed, and
plotting only that part for which the truncated series converges. (This can e.g. be tested by taking away the last few
terms of the series.) This is compared to the asymptotic behavior (6.72) (proportional to j!jk) for large ) ). m is set
to j , and we used the diagonal (80,80)-Pade approximant, which was find to converge best. (The non-resummed
expression starts to diverge already at )ml?j8« Ð at this order.)
6.5 Calculation in the renormalized coupling
We start from
Ê
å;0
è
given in (6.55). Taking to each order in Ì
Ô
ó only the dominant term for
large 0 into account this can be approximated by
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Using (6.70), we can write  U=0 as a function of
Ê
. To second order in Ì
Ô
ó , this reads
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We now write the ^ -function in terms of
ë
Ê
. Starting from (6.62) we obtain
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Fixed points are at the zeros of the ^ -function. The non-trivial one is at
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The correction to scaling exponent  is simply obtained by evaluating the derivative of ^ with
respect to
Ê
at the fixed point. In terms of
ë
Ê
this is
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Figure 6.4: Qualitative behavior for the X -function in fïh j , fúh Í and result anticipated for fnl?j8«í­ .
Inserting the fixed point
ë
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
from (6.73) we find
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Again, this is only qualitatively correct as compared to the exact result 3åBó Æ Ç
è
Æ¤ï in óáÆÈÇ ,
and coincides with the result obtained from the previous scheme only in ù ÆE and ù	Æ
Ì
.
There is a series problem that has to be mentioned and that applies to the ”bare scheme” from
the previous subsection as well as to the calculation in renormalized coupling: In the ”bare
scheme” 3åA0
è
is evaluated at the fixed point

U=0


å
Ì
Ô
ó
è

Õ
. However, each higher order
power in

U=0 in (6.67) is coming up only with an extra power in Ì
Ô
ó , therefore providing
arbitrarily diverging contributions in Ì
Ô
ó . The same applies to the second scheme, where
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has an expansion in powers of å
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Let us finally point out that in the limit óáÆ
Ì
the true asymptotic behavior of the ^
Ô
function
in terms of the renormalized coupling
Ê
is obtained from the completely summed series (6.38)
leading to (6.72) for large
Ê
. Conversely, if one tries to invert (6.38) and truncates it taking only
a finite number of orders into account, it is at least possible to reach the asymptotic regime –
however, for large enough
Ê
the truncated ^
Ô
function wildly oscillates and thus strongly de-
viates from the true behavior. In figure (6.3) the Pade-resummed truncated ^
Ô
function up to
order
Ê
ﬁAo
!
in ùoÆ Ç is compared with the exact, asymptotic flow-function. One notices that
the truncated ^ -function even though improved through a Pade-Resummation hardly gets into
touch with the asymptotic regime. The same applies to the slope-function 3å
ÊQè
, which is not
shown in fig. (6.3).
Note that the above arguments suggest quite intuitively the behavior of the exact ^ -function
in Ç\ ó \
Ì
. Whereas for óÁÆ Ç , the ^ -function is a parabola, and for óÁÆ
Ì
it decays like
a power-law for large
Ê
at least as long as ù \
Ì
, the ^ -function for values of ó between these
two extremes should cut the axes ^­å
ÊQè
ÆE at a finite value of
Ê
, which for óD
Ì
wanders off
to infinity, thus by continuity forcing the exponent  to go to 0 for óßD
Ì
.
6.6 The limit ù	ÆE
Let us shortly consider the limit of vanishing bulk space dimension ù , which is completely
solvable for arbitrary internal dimensions ó . However, the strong coupling limit of
Ê
å;0
è
is not
analytic around ù ÆE . Starting from (6.38) and setting ù	ÆE one almost immediately obtains:
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which can be inverted providing the bare coupling in terms of the renormalized coupling as
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Recalling the definition of the ^
Ô
function (2.12) we find:
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Then, the correction-to-scaling exponent  as well can be evaluated in terms of the renormalized
coupling as
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such that one finds
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Note that (6.76) is obtained from the leading order contribution in (6.55). All other terms do not
contribute. The same result is found from the exact solution of the limit óáÆ Ç setting ù ÆE as
is shown in the appendix (D.27).
6.7 Laplace-transformed picture
Let us finally point out that the correction to scaling exponent  found at leading order remains
unchanged in the Laplace-transformed picture introduced in section 5, that is we sum over all
membrane-sizes weighted by a chemical potential   . The sum can easily be done, leading to an
additional factor of 4 åDÇÉ
Ù
Ð

è
, which is ¡
Ú
in the limit of óßD
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. (6.37) then has to be replaced
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which is a special function called polylogarithmic function
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and accordingly from (6.60) the RG ^ -function reads
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while the correction to scaling exponent becomes (6.63)
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Indeed, we find the same fixed point behavior as before and

TtO
:RQ
ﬃ
3åA0
è
ÆE for arbitrary
ùﬂyE . This follows from the logarithmic divergence of
Ê
åA0
è
in the limit of strong coupling.
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6.8 Discussion of the analytical continuation to óáÆ Ì .
Before we go on with the analysis of the expansion in powers of
Ì
Ô
ó let us discuss the
analytical continuation to ó Æ
Ì
in more detail. In particular we would like to discuss the
proper treatment of the factor å
Ì
Ô
ó
è
(=<
Õ
, which becomes singular in óÃÆ
Ì
and which appears
to the ¡ th power in the ¡ th loop integral in the perturbation expansion of the effective coupling
Ê
å;0
è
. It is due to the form of the two-point difference correlator, which reads in dimensions
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where

denotes the ó -dimensional volume of the unitsphere.
Let us recall the expression for the perturbation series for the effective coupling in powers of
the scaling variable 0
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where the internal linear size of the manifold has been scaled out of the integrations, which are
left with the measure (6.21) on the torus. The quadratic form ó
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The arising of ¡ powers of å
Ì
Ô
ó
è
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in the ¡ th loop order is then clear.
Let us show how this factor can be absorbed into a rescaling of the bare coupling 0 . Substituting
í
F
Æúíå

å
Ì
Ô
ó
è;è
ﬁR<
Õ
in the functional integration, the free part of the Hamiltonian (2.6) gets a
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in order to leave the physics invariant. Then, the two-point function in the rescaled variables
reads
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Expressing the perturbation series (6.87) still in powers of the old coupling one has:
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where, thanks to (6.90) the remaining integrand, å
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, now has an expansion in powers
of
Ì
Ô
ó as we discussed in the preceding subsections. The overall factor å
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is
contributed from the Jacobian in the integration over the position of the center of mass. Actually,
as compared to (6.87) in (6.91) nothing has changed. Summing up all loops at each order in
Ì
Ô
ó of the integrand, we arrive at (6.55):
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Let us consider a reference membrane of linear internal size ö in óRÆ
Ì
: The expansion of the
(dimensionfull) effective coupling of a manifold of linear internal size ö­ðQå
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where the singular scaling factor å
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has canceled out.
In the limit óÃÆ
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we are left with
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It is important to point out that performing the limit óßD
Ì
in this way corresponds to studying
the scaling limit ñ ðözy Ç , where ñ denotes a microscopic cutoff. Therefore, in addition to
(6.94) we expect corrections to scaling for small membrane sizes. Equivalently, our statement
is that after summing up the complete perturbation series in the limit ó Æ
Ì
calculating each
diagram with an explicit ultraviolet cutoff ñ and the exact two point function, then, the long-
distance behavior is expected to be independent from the cutoff ñ in the scaling limit ñ ðöny Ç .
It will coincide with the behavior that we obtained from the resummed, analytically continued
diagrams after having sent ñ to zero.
Let us finally emphasize that there is no alternative to forcing the membrane size to c when
approaching the limit ó Æ
Ì
. This is in contrast to what is done in the rescaling procedures
in (3.3) and (6.1), which imply an infinite bare coupling
Ê
! in the limit ó Æ
Ì
. As discussed
above the rescaling of the field contributes a Jacobian in the perturbation series of
Ê
åA0
è
from
the integration over the position of the center of mass and can be only eliminated by forcing the
size to c . The Jacobian has been dropped in the preceding sections, which is completely safe
as long as one is only interested in the exponent  .
There is a simple way to anticipate the divergence of the fixed point in the limit óÕD
Ì
and
to justify that the analytical continuation of the exponent  to ó Æ Ì must become zero as we
found it: The ^ -function at two loops reads (4.21)
^­å
ÊQè
Æ
Ô
ï
Ê
É
Ê
ÕÌ
ò
ﬁ
åmó
è
Ô
Ê
ç
Ý
ò
Õ
åBó
è
Éoã å
Ê

è
ô (6.95)
where in contrast to (4.21) we have not made the value of the one loop integral,
ò
ﬁ
åmó
è
, explicit.
Within the ï -expansion one finds a nontrivial fixed point at
Ê

(4.23):
Ê

Æ
Ì
ï
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åBó
è
É
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Ý
ò
Õ
åmó
è
ò
ç
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åmó
è
ï
Õ
Éäãæå¨ï
ç
èêé
(6.96)
As we already discussed above each loop integral
ò
Ù is coming up with ¡ powers of å
Ì
Ô
ó
è
(=<
Õ
,
as long as we do not perform the rescaling procedure, such that the shift to infinity in the limit
ó Æ
Ì
of the fixed point
Ê

can already be anticipated from (6.96). However calculating the
correction -to-scaling exponent  , the ï -expansion reads (4.24):
3å
Êpè
Æ¤ï
Ô
â
Ý
ò
Õ
åBó
è
ò
Õ
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åBó
è
ï
Õ
Éoã å½ï
çuè é
(6.97)
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It turns out that all loop integrals appear only in a form, where they are normed with respect
to the one loop integral. This way any singular factor from the one loop integral drops out.
The reasoning above is not restricted to the ï -expansion. Even more, it has turned out that only
within the calculations in fixed dimensions åBóõôuù
è
the remaining combinations
ò
Õ
åBó
è
ð
ò
Õ
ﬁ
åBó
èhave smooth expansions in
Ì
Ô
ó , from what we may conclude that as long as one is interested
in the analytical continuation of the exponent  to óØÆ
Ì
it is completely justified to norm all
loop integrals with respect to the one loop integral. This is what the rescaling procedure does.
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7 Higher order terms in the {|~} - expansion on the torus
In this section we will render the analysis of the strong coupling behavior of the theory in 
slightly below  more systematic. For this purpose we will carry out the expansion in powers
of 1 up to the fourth order. This will allow for an insight into the general structure of
the 2 -expansion. Next, we will give two different ansa¨tze for the exact renormalized cou-
pling ŁA~. as a function of the internal dimension  and show, how their free parameters get
matched with the obtained expansion in n .
From the second order on, it is quite a tedious work to collect all terms to appear in the expan-
sion. We accomplished this with the help of a Mathematica  R-program, which we discuss in the
appendix. However, we have only calculated the diagrams to appear up to the second order.
To get an idea of the general form of the expansion we also needed the resummed terms to the
third and fourth order, even if we do not have the explicit values of the corresponding diagrams
available. Of course, our main purpose is to get information about the strong coupling behavior
for finite n close to zero.
First, let us list the diagrams to appear up to the fourth order:
i
j  
L(7Ee (7.1)
which contributes to first order in n . To second order one needs in addition
j
i
 
u(Ee (7.2)
To third order diagrams with new topology are
i j
 
u(Eﬁ
i j
k
 
L(E

LE9=i<

L(7ise (7.3)
Finally, to fourth order we need:
i j
 
L(Ee
i
j
k
 
u(=E

u ¡7E	

ui¢=(Ae
i j
kl  
L(E

ui¡7E

ui£Ris

u(!i£te (7.4)
We will express the resummed series in terms of averages over both the correlator

uŁ (6.8)
and the connected correlator
¤
L\ (6.52). One can switch to one or the other representation
depending on which might be the more convenient. Before stating the results let us remind the
definition of the correlator

u\ , which was
¥
u\
1m¦¨§ª©
u\¬«­®

LŁ (7.5)
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where

¦§ª©
L\ is the limit °¯  of the two-point correlator
¥
L\ . In (6.52) we have already
introduced a connected correlation function
¤
u\
1
u\V

 (7.6)
such that
 
¤
  



 (7.7)
and the notation for the leading behavior of the renormalized coupling  could be shortened
(6.55). From the definition (7.6), we obtain other useful averages, which we will need at higher
orders in ­ . To third order we will need:

¤
 ﬁ
­±
 
«²


(7.8)
and
e³
¤
 ﬁ¤
L(7E
¤
uE<7i<
¤
uiU7(u
 
Li7E

LE9=i*

L\¡7(A¬«±



u(7E	6­±
 
ui=E

uEE7i*6


 
³



 (7.9)
where (kE*ki are distinct points, and the average is over their positions. In (7.9) we exploited
the symmetry of the closed manifold as it is diagrammatically expressed in (6.32), and the
definition of

³
is self-evident. Furthermore, we will need to fourth order in n :


¤
 

«3´*
ﬁ 

nµ
T 
n±


 (7.10)
6¶
¤
 ﬁ¤
L(=E	
ﬁ¤
LE`=i<
ﬁ¤
LiK=i£b
ﬁ¤
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¶
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

(7.11)
and

¤
 

¤
u(=E
¤
u(7i<
ﬁ¤
LiK=E	
 
­

³


T 

«²


 (7.12)
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7.1 Resummed contributions to the expansion in ­ up to the fourth order
In the following we will state all terms, which appear in the expansion of the renormalized
coupling ŁA. up to the fourth order in =¸ according to (6.14). We have to calculate at order
¹
of perturbation theory: º¼»½

¹

(7.13)
Inserting this into the perturbation series and summing up the resulting terms to all orders in ¹
generates the following contributions in the ­ -expansion of the renormalized coupling:
¾
loops
A¿¢ÀwÁ(Â
¦Ã§ª©
!ÄEÅRÆ
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which contributes to first order in n . To second order in n , we have:
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providing
¾
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and
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providing
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Let us rewrite this in terms of the connected correlator (7.7):
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Let us now state the terms to appear at third order in >Ë , which we derived with the help
of a Mathematica  R- program ( ¹ denotes the loop order.):
¾
loops
A¿¢ÀwÁ(Â
¦Ã§ª©
 ÄEÅRÆ

º¼»!½

R.,Ç¼ÈŁÉ
¹ËÊ

µiAÖ


­±
 
«

Òµ

³

Ì
Å
È

É
A.
«×ªÍÖ.


«Ó±JÖ
  
´<Ø
 
«±JÖ

³

Ì
Å
È

É
A.
«×AÖJ±


­±KÙ
 
«ÓÙ

­±.

³

Ì
Å
É
;J
«×ªÍ±J±


«3´<Ú
 
­±
T
«´*Û

³

Ì
Å!Ä

É
;.
«×AÙ


n±
 
nÖ

³

Ì
Å!Ä

É
A.c«1ª


«

³

Ì
ÅÄEÜ
É
;.
(7.21)
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Again, let us rewrite this in terms of connected correlators:
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To fourth order in Í­ we obtain:
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Rewriting everything in terms of connected correlators we find:
¾
loops
A¿¢ÀwÁ(Â
¦Ã§ª©
!ÄEÅ,Æ

º¼»

½
R.,Ç¼ÈGÉ
¹ËÊ

Ú¢JJ


«Ö


ﬁ
¤
«Ó±

¤




¤
«ÓUµ

¤
­±JÖ

¶
¤

Ì
Å
È¢ã
É
;.
«åµ(;ÚJØKµ


«´*




¤
«Ó±


¤


T
¤
«²ÛJ

¤
Þ´s±.

¶
¤
nµ
 

¤
«3´<Ö
 
³
¤

Ì
Å
È
Ü
É
;.
3µ(Aµ.±.


­±




¤
­Ö


¤

«ÓUµ

¤
ÛJ

¶
¤
nÚ
 

¤
«µ.Ø
 
³
¤

Ì
Å
È

É
A.
«z;KÚ.Û


­±JÖ



¤
´*

¤

áµ.Ú

¶
¤
´sÖ
 ﬁ
¤
«3´*UÚ
 
³
¤

Ì
Å
È

É
A.
«zuµ


«±JÖ



¤
­±J
 
³
¤

Ì
Å
É
A.
«zªÍÖ







¤

Ì
Å!Ä

É
A.¬«µ


Ì
Å!Ä

É
A.T


Ì
ÅÄEÜ
É
;.
(7.32)
¾
loops
A¿¢ÀwÁ(Â
¦Ã§ª©
!ÄEÅRÆ

º¼»!½

º¼»

½
R.
Ç6ÈGÉ
¹ËÊ

Ú(JK


«Ö




¤
«Ó±


¤


T
¤
«ÓUµ

¤
­±JÖ

¶
¤

Ì
Å
È¢ã
É
;.
«1µi;ÙJÖKØ


«ÓUµ




¤
«


¤

Òµ
T
¤
«3´<ØJØ

¤
²´*·KÖ

¶
¤

Ì
Å
È
Ü
É
;.
µiÛ9´	µ


«ÓKØ



¤
«Ú
T
¤

n±


¤
«²ÛUØ

¤
²´J´<Ö

¶
¤
nµ
 
¤
«3´*
 
³
¤

Ì
Å
È

É
;J
«ß;ÚJÚJÙ


«Ó±KÖ




¤



¤

KÚ
 

¤
nµ
6
¤
«ÓÚJØ

¤
´	µJµ

¶
¤
«ÚJÚ
 
³
¤

Ì
Å
È

É
;.
«ßRÙJÙ


«±



¤
«ÓÚ
ﬁ
¤

«3´sÖ
 ﬁ
¤
nÚ

¤
«3´<Ö

¶
¤
nµ.Ú
 e³
¤

Ì
Å
É
;J
«ß;±


´J´


T
¤

T
¤

nµ
 
¤
«Ú
 
³
¤

Ì
Å!Ä

É
A.
«ßR


­·



¤

Ì
Å!Ä

É
A.T



¤
Ì
Å!ÄEÜ
É
A.
(7.33)
62 Interacting Crumpled Manifolds
¾
loops
u¿¢ÀÁiÂ
¦Ã§ª©
ÄEÅRÆ

º¼»

½

ªÍ.RÇ6ÈGÉ
¹ËÊ

Ú(KJ


«ÓÖ



¤
«±

¤


 
¤
«²Uµ

¤
­±JÖ

¶
¤

Ì
Å
È¢ã
É
;J
«1µiR´K´J´<Ö


«Ó±JÖ


 
¤
«²K±
 
¤

­Ö
6
¤
«3´*KÚ

¤
´sÚJØ
 ¶
¤
«µ
  
¤
Þ´<Ö
 
³
¤

Ì
Å
È
Ü
É
;J
µiR´sØJÚJØ


«µ@Û


 
¤
«²KÚ
 
¤

­Ú
6
¤
«3´<±.

¤
´<ÛJ
 ¶
¤
«ÓÚ
  
¤
n±.
  ³
¤

Ì
Å
È

É
;J
«ß9´K´J´


«3´sµ.Ú



¤
«µJµ
ﬁ
¤

«²`µ
 ﬁ
¤
Uµ
 
¤
«²JÛJ

¤
Ò±.KÚ

¶
¤
­ÚJØ
 
³
¤

Ì
Å
È

É
;.
«ßRÍ·K±JÚ


­ÛUµ



¤
«´<Ø
T
¤

­Ú
 ﬁ
¤
«3´sØ
 
¤
ÛJ

¤
«ÚJØ

¶
¤
«ÓÚ
 
³
¤

Ì
Å
É
;.
«ß·KÙ


«²UØ




¤
´*·


¤


 
¤
«ÓÚ

¤
nÚ
6¶
¤

Ì
ÅÄ

É
A.
«ßRÍ


 
¤
«ÓÖ
 
¤


Ì
Å!Ä

É
;J6
 
¤

Ì
ÅÄEÜ
É
;.
(7.34)
¾
loops
u¿¢ÀÁ(Â
¦¨§ª©
ÄEÅRÆ

ºÏ»½ ºÏ»½

ªÍJ,Ç6ÈŁÉ
¹¸Ê

Ú(;JJ


«ÓÖ




¤
«Ó±


¤


T
¤
«²`µ

¤
­±JÖ

¶
¤

Ì
Å
È¢ã
É
A.
«1µiª´<ØJ±JÚ


«±JØ




¤
«3´sÚ


¤

·
6
¤
«3´K´sµ

¤
´<ÖJÚ

¶
¤
«²
 

¤
ÒÚ
 
³
¤

Ì
Å
È
Ü
É
A.
¢ª´<Ú¡´<Ú


«Ó·Uµ



¤
«Ó±KÙ
T
¤

«
 
¤
nÙ


¤
«ÓKØKµ

¤
­KÙUµ

¶
¤
J
 
³
¤

Ì
Å
È

É
A.
«ßª´*·KÚJ±


«µJÚ


ﬁ
¤
«Ó±JÖ
T
¤


 
¤
­Ö


¤
«3´<ÚKÖ

¤
J·KÚ

¶
¤
«ÓÚ
 e³
¤

Ì
Å
È

É
;.
«ßªÍ±.·UÚ


9´



¤
­Ö
T
¤

«ÓÖ
 
¤
Òµ.Ú

¤
«ÖJØ

¶
¤
Ò±.Û
 
³
¤

Ì
Å
É
A.
«ßA±.·


«´*




¤
­±
 

¤
«ÓÖ

¤
nÖ
6¶
¤
«ÓK±
 
³
¤

Ì
Å!Ä

É
;.
«ßªÍ±


Û
 
³
¤

Ì
Å!Ä

É
A.c«
 
³
¤
Ì
Å!ÄEÜ
É
A.
(7.35)
¾
loops
u¿¢ÀÁiÂ
¦Ã§ª©
ÄEÅRÆ

º¼»!½

R.
Ç6ÈŁÉ
¹ËÊ

Ú(KJ


«ÓÖ



¤
«±

¤




¤
«²Uµ

¤
­±JÖ

¶
¤

Ì
Å
È¢ã
É
;J
«1µiR´K´J´<Ö


«Ó±JÖ




¤
«²K±


¤

­Ö
6
¤
«3´*KÚ

¤
´sÚJØ

¶
¤
«µ
 

¤
Þ´<Ö
 
³
¤

Ì
Å
È
Ü
É
;J
µiR´K´J´<Ø


«Ó±JÙ



¤
«Ó±¡´
ﬁ
¤

«3´sØ
 ﬁ
¤
Û


¤
«´<±JÖ

¤
´*ÛUÚ

¶
¤
­±KÖ
 e³
¤

Ì
Å
È

É
A.
«ßUµ.ÛK±


«²ÛJ



¤
«Ú.
T
¤

«Ó±JÖ
 
¤
´<Ö


¤
«±JØKµ

¤
­±JÙKÖ

¶
¤
´<KÚ
 
³
¤

Ì
Å
È

É
;.
«ßRÙ.·J·


Þ´*




¤
­±KÖ


¤

´<
 

¤
«²·


¤
­Ù.

¤
«3´<·Uµ
¼¶
¤
«ÖJÚ
 
³
¤

Ì
Å
É
;.
«ßKÚKÚ


«´*

¤




¤
«3´<

¤
nµ@Û

¶
¤
`µ
 
³
¤

Ì
Å!Ä

É
A.
«ßRÖJØ



T
¤

«´<Ø

¶
¤
«­µ
 
³
¤

Ì
ÅÄ

É
;.c«1AÖ




¶
¤

Ì
Å!ÄEÜ
É
;.
(7.36)
Interacting Crumpled Manifolds 63
7.2 Renormalized coupling
Our purpose is to guess the exact form of the renormalized coupling Ł;. as a function of e
on a manifold of toroidal topology. The information that is of our disposal are the exact results
in both 

 (6.38) and 

´ (D.24) as well as the exact resummed series up to the fourth
order in Í­ .
From the structure of the expansion of Ł;. in powers of ﬁ it is clear (see also discussion of
the Mathematica  R-program in the appendix) that to each order in Õ­ÝŁA. can be expressed
in terms of
Ì
Å
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(6.45). Since
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the exact Ł;. as a function of ­ will be of the form:
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where ðŁ;~kêJ has some expansion in powers of 6/ . To zeroth order corresponding to 


one has:
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Analyzing the series data from the preceding subsection reveals the following structure of the
expansion of ðŁ;~!. :
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where ó/E~!êK is analytic in 

 , such that
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and the ø th order coefficient ó
ö
AêK has a Laurent series in ê :
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Note that powers û of ê on the level of ð (7.40) translate after integrating over ê (7.38) into
powers û of ütýJþe (clarify 6.46). Therefore, positive powers of ê dominate the behavior for
large  (strong coupling).
Let us write down the terms of the expansion of ðGA~!êK up to the third order in ÑÓ as one
obtains them from the generated series contributions of the preceding subsection:
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Clearly, one discovers the form (7.40). Let us also state ð\A~!êK up to the fourth order, but
taking to each order only the dominant contribution into account:
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For completeness let us state the result of the Ð -expansion of the renormalized coupling
up to the fourth order. This time performing the integration in (7.38), such that we obtain 
as a function of the bare coupling in terms of the functions
Ì
Å

A. , whose asymptotic behavior
has been analyzed in (6.46). For this purpose and for the sake of more compactness we need
introduce a new notation: Since all series contributions are of the form as stated in (B.1), we
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introduce vectors  such that
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where max and min are some integers, and summation over the double index @ is implicit. In-
serting the results for the resummed series contributions into (6.14) we find for the renormalized
coupling to the fourth order in Í­ :
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The vector entries   are to be be taken from subsection 7.1.
7.3 Discussion of possible forms of ð\;~!êK
Before making a guess for the exact ðGuêJ and thus implicitly for Ł;J , let us summarize the
properties, to which Ł;J as a function of the internal dimension  has to obey.
(I) In the limit 

>GA. has to tend to the exact form as it is given by (6.38). Note, that in
this limit Ł;. diverges logarithmically. There is no strong coupling expansion in 

 .
(II) A phantom polymer closed to form a ring corresponds to the limit 

´ of the toroidal
manifold. This case has also been solved exactly. There are both weak- and strong cou-
pling expansions available (D.23,D.34). In particular, Ł;J tends to a finite fixed point
value as  tends to O . In view of the logarithmic divergence in 

 and the renormal-
izability of the theory for internal dimensions ØQPÝRPß [47,48], we expect finiteness
of üTS1UWVX
é

ZY as soon as ä becomes positive. Then, we expect the existence of a
strong coupling expansion starting with the fixed point value and a term, which encodes
the correction to scaling behavior of the theory:
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Éba
Ø a.s.f.., and the scaling functions
¥
 diverge at most subexponentially for
large arguments. Powerlaw behavior in the strong coupling limit necessitates the
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of the series expansion (7.43) to turn into some exponentially growing function ð\A~!êK . This
can be seen as follows:
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where it is to be understood that ` is expanded in powers of Í­ .
Let us now postulate a possible form of ðŁA~!êK obeying to the demanded properties (I) and (II):
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where p is analytic in 
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 such that
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and to each order in ­ , there is a Laurent series of the p
ö
uêJ of the form
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Furthermore, `gfh has some expansion in powers of 2­ :
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Let us once again stress that powers in ê at the level of ð\uêJ translate into powers in üPýJþe , while
exponential growth in ê is providing powerlaw behavior for large  . Therefore, (7.49) obeys to
the demanded properties (I) and (II). Note in particular, that setting p

´ and integrating over
ê according to (7.37) the expression in parentheses resembles to
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The r.h.s. expression above grows logarithmically in the limit 

 and shows up a fixed point
together with a strong coupling expansion as soon as ­
a
Ø .
Let us expand (7.34) in powers of ­ taking only the leading term of `gfh into account:
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Inserting the expansion of p2;9!êJ ,
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and expanding everything provides:
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Matching the coefficients of the expansion above with the result in (7.43) we set:
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where we have skipped all higher order poles in the Laurent series of p
É
AêK
From the above considerations it follows that the correction to scaling exponent ` reads to
lowest order in ­ :
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The result coincides with what we have found in the preceding section from the calculation
within the scheme in the renormalized coupling.
Let us point out, however, that the scheme above is not unambiguous. Going to the next order
it will turn out that the sum in (7.51) actually has to be extended to @

´ in order to pro-
vide consistency with the expansion Û9 µ.±. . But then, it is not unambiguous, whether the term
proportional to ê
ÅRÆ

È\É has to be attributed to `

or rather to p

uêJ . From some simple general
considerations one can easily see that it is in principle impossible to extract any information
about the correction to scaling exponent from an expansion like (7.43) as long as one has no
further information about the behavior of scaling functions like p2uêJ available. The only thing
that we can conclude for sure is that the correction to scaling exponent in an ensemble of a
manifold of toroidal topology and internal dimension close to 

 , which interacts with a
single short-range defect, is proportional to some power of 2Ó and that this power is larger
than ´ :
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Actually, higher than linear powers of ê in the exponent (7.49) are fatal, because they destroy
the scaling behavior for Ð¯ O , which was intended to be encoded in the exponent `gfh .
Therefore, let us discuss another ansatz for ð\;~kêJ that does not show higher than linear powers
of ê in the exponent as in (7.49):
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where p can be written as
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and to each order in ­ , there is a Laurent series of the ðp
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In contrast to (7.51) there is no restriction for positive powers in ê , but we have to set
p
§
uêJïÝ´ (7.64)
from the beginning in order to obey to the properties (I) and (II).
Furthermore, `gfh has some expansion in powers of 2­ :
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Expanding first the expression in parenthesis of (7.60) taking only the lowest order of `gfh into
account leads to
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where we have expanded p up to the third order in ^ . ` is at least of second order in ^ .
Skipping all higher than third order terms and expanding everything in (7.54), we obtain:
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This time one may set
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in order to match with the expansion in (7.43). Again, we recover the same result for ` as from
the previous ansatz and the calculation within the renormalized coupling:
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However, there still remains the ambiguity in attributing the second order terms either to `

or
to ðp

as it is obvious from (7.67). Nevertheless, making any choice for `

it is clear, that the
third order term ðp

AêK has sufficiently many parameters free to get the third order reconciliated
with the second order a.s.f.. Of course, the behavior of p2uêJ for large values of ê is supposed
to stay subexponential. This corresponds to the same demand on the scaling functions
¥
 in
(7.47). There is some additional information about the scaling function pAêK necessary, in order
to enable an unambiguous analysis of the scaling behavior for dimensions D close to  . From
the structure of the expansion (7.46), however, it is not possible to make a guess about the
precise properties of p2uêJ . A way out might be a complete solution of the problem in 

´
within the ­ expansion.
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8 Discussion and conclusion
In this work, we have discussed the perturbation expansion of a  -dimensional elastic manifold
interacting via a | -interaction with a fixed point in embedding space. This calculation can be
done exactly for 

´ , but becomes non-trivial for ~}

´ . Interestingly and quite surprisingly,
it simplifies considerably in the limit of  ¯  , if one decides to work at finite h . In that limit
we were able to obtain an explicit expression for the renormalized coupling as function of the
bare one, in terms of a non-trivial series. Analysis of this series shows that in the limit of
large values of the bare coupling  , corresponding to strong repulsion or equivalently to large
membrane sizes, the renormalized coupling  diverges logarithmically as a function of  . This
yields a vanishing correction-to-scaling exponent ` in the limit 

 . Furthermore, dependent
on the dimensionality
 
of the embedding space the  -function shows up a zero at infinite bare
coupling as Ø
 
P× . Then, the renormalization flow tends to a fixed point, and the theory
becomes scale invariant in this limit. Due to the logarithmic divergence of the renormalized
coupling, however, the corresponding zero of the  -function in terms of the latter is, too, shifted
to infinity. This is quite a remarkable result, because it reveals that the strong coupling behavior
of a ”phantom”, polymerized membrane in a crumpled phase interacting with a | -like defect
in embedding space is only accessible through a non-perturbative treatment and always largely
deviates qualitatively from any finite loop expansion, be it within a minimal subtraction scheme
or at finite h .
Also, it is important to note that this result is completely independent of the regularization
procedure. This does no longer hold true beyond the leading order, which should be accessible
to an expansion in   . We constructed its first order in a specific regularization scheme
in [49]. While this reproduces qualitatively correctly the known result in 

´ (and even
exactly for
 

Ø ), it suffers from its inconsistent renormalization scheme, which neglects
the boundaries of a finite manifold. We used a hard cutoff in position space, while working
with the infinite  -space correlator. It seems that only in an h -expansion this procedure is
systematic. Now, we have overcome this problem by constructing the Ð -expansion on a
manifold of toroidal shape of finite size, thus imposing periodic boundary conditions on the
field. There is no further infrared cutoff necessary. We have carried out the expansion of the
renormalized coupling up to the fourth order in Î . This reveals part of the general structure
of the expansion. It is important to point out that in considering  as a function of the bare
coupling the limits  ¯  and strong coupling ( ¸¯ O ) can not be interchanged. While 
tends to infinity as  does in 

 , we expect finiteness of this limit as soon as ÔÞ
a
Ø
and the existence of a strong coupling expansion as found for polymers ( 

´ ). We were
able to guess an exact Ł;. as a function of  and the internal dimension  , which satisfies
these properties and which can be reconciliated with the available expansion in ñ by an
appropriate matching of its free parameters. However, this matching is not unambiguous and
therefore does not provide a decent determination of the prefactor in the relation
`ut
;Í­®

 (8.1)
The correction-to-scaling exponent ` is closely related to observables, which are accessi-
ble to Monte-Carlo simulations. This is for instance the monomer density at the potential of a
membrane, which is pinned by one of its points close to the defect.
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While results for the pinning problem are interesting in its own, the main motivation is
certainly to obtain a better understanding of self-avoiding polymerized membranes. This model
is well-behaved physically, since its fractal dimension
 >
is bounded by the dimension of the
embedding space
 >
P
 
. Preliminary studies [66] indicate that this problem can also be
attacked by the methods developed in this work. This would be very welcome to check the
2-loop calculations [20,19] and the large-order behavior [67] on one side and numerical results
(e.g. [34]) on the other.
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A Derivation of the kernel
Starting from the free theory with Hamiltonian
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yields the difference correlator
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It can be shown as in [4] to be a solution in the sense of distributions of the Laplacian equation
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The difference correlator may be considered as the analytical continuation to values of ~Pf
of the usual two-point correlator. Let us shortly derive (A.3) starting from the well known form
of the kernel in Fourier space 
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Introducing a Schwinger parametrization and splitting the integration over the momenta into a
part integrating over the component, which is parallel to

 , and its complementary part leads to
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Figure B.1: Example of a fifth order diagram in the ¢d£W¤ -expansion.
B Mathematica ¥ R–programs for the generation of the series
contributions in the |~}  -expansion
All terms to appear in the expansion in ­ are of the form

¦

÷
É
 Tr
½
$
"

ö0"
¨§/!ø 
Â
Ä© (B.1)
as follows from (6.14). To ¹ -loop order,
½
is an
¹
q
¹
-matrix as defined in (6.18). The
diagrams to be evaluated at ø th order in Ï  are positional averages of an ensemble of internal
points on the manifold, which are connected through ø correlators as shown in the example of
figure (B.1). The numerical value of the diagrams is determined through the topology of the
graph, whose knots are given by the internal points and whose links correspond to the correlators
joining them. It furthermore depends on the number of knots making up closed loops in the
graph, but it does not depend on the loop order.
Then, the
¹
-loop contribution at ø th order in   depends on the numerical value of the
diagrams each coming up with a combinatorial factor involving the number of ways to form
the corresponding graph from ¹ «Ð´ independent internal points. The combinatorial factor is a
polynomial in
¹
. Together with some power of the factor 
¹
«å´*
Ä
É from (6.17) the general
form of the term (B.1) can be written as

¦

÷
É
 Tr
½
$
"

ö0"
 ª

¹


¹
«3´*
ö
max
kø max 

¾

÷
É
§/Pø\G (B.2)
and
ª

¹
 is some polynomial in
¹
. The degree of the polynomial is less than Uø , if ø denotes
the order in ­ .
In order to write down the term (B.1) as a function of ¹ we need know
ª

¹
 . Since its
degree is bounded through Uø , one can determine its coefficients through a fit-procedure to be
applied on the values of (B.1) at the first Uø¬«Ð´ loop orders. This is done by the Mathematica  R–
modules, which are presented on the following pages. The module ”Dreset” initializes the
matrices Â
¦¨§ª©
Ä9«
and Â ¨ (6.18) to obtain
½
. The ”For” loop, which is individual for each
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term (B.1) to be analyzed, recognizes the diagrams to appear and performs the evaluation to
¹

´Jsss
¹
max  `ø«à´ loops. Of course, the ”values” are expressions involving finitely
many diagrams.
The module ”AnalyseListfkd” fits the ¹ max points through a polynomial being expanded in terms
of the base given in (6.27).
Summing up all loop orders each term of the form (B.1) translates into some expression, which
can be written in terms of the functions
Ì
Å

;J as introduced in (6.39). This procedure is done
by the module ”Recognizefkd”. Making several times use of the relation (6.45) all
Ì
Å


æ
can be
transformed into some
Ì
Å

ÉVæ
making the leading behavior in the strong coupling limit obvious,
which is then completely encoded in the upper index. This is done by ”Reducefkd”.
Finally, it might be convenient to express the diagrams in terms of positional averages of internal
points, which are rather joint by the connected correlator as introduced in (7.6). The transcrip-
tion of all expressions is performed by ”Trans2Conn”. The application of the discussed modules
on the second order terms in the ­ -expansion is also included in the sequel.
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¬ Initialization Cell ¬
Dreset : ­ Module ,
d i_, j_ : ­ c n ® 1, i ® c n ® 1, j ¯ c i, j ;
c i_, i_ : ­ 0;
SetAttributes c, Orderless ; Dmat ­ Table Table d j, i , i, 1, n , j, 1, n ;
D0 ­ IdentityMatrix n ® Table Table 1, i, 1, n , j, 1, n ;
D0m1 ­ IdentityMatrix n ¯ 1 n ® 1 Table Table 1, i, 1, n , j, 1, n ;
; ¬ Module for the Inititialization of the matrices ¬
listlen ­ 8 ¬ Global variables ¬
8
AnalyseListfkd : ­ Module ldl, wl, i, j, f1, res, h1, richtig ,
ldl ­ list listlen . A_ ¬ u_ ; NumberQ u ° A;
ldl ­ ldl . ldl 0 ° List;
Print "Variables ­ ", ldl ; res ­ 0;
For i ­ 1, i ± Length ldl , wl ­ list . ldl i ° 1 ;
For j ­ 1, j ± Length ldl , wl ­ wl . ldl j ° 0 ; j ® ® ; ;
Print i, ". ", ldl i , ": ", wl ;
f1 ­ Fit wl, Prepend Table Product x ¯ i, i, 0, n , n, 0, listlen ¯ 2 , 1 , x ;
f1 ­ f1 . u_ ; NumberQ u ° Round u ;
res ® ­ f1 ldl i ;
i ® ® ; ;
For richtig ­ True; i ­ 1, i ± listlen, h1 ­ res . x ° i ¯ list i ;
If h1 ­ ² ­ 0, richtig ­ False; Print "Error: ", res, " .x ¯ ³ ", i, " ² ­ ", list i ;
i ® ® ; ;
If richtig, res, False ;
Recognizefkd : ­ Module m, h ,
h ­ X . x ° 0;
X ­ X ¯ h ¯ h f 1, d ® max ;
Do m ­ k;
X ­ X . Product ¯ i ® x , i, 0, m ° ¯ 1 ^ m f m ® 2, d ® max , k, kmax, 0, ¯ 1 ;
X ­ X Simplify;
;
Reducefkd : ­ Module ma, mi, na, ni ,
Do ma ­ l;
Do mi ­ k; X ­ X . f mi, d ® ma ° mi ¯ 1 f mi ¯ 1, d ® ma ¯ f mi ¯ 1, d ® ma ¯ 2 ;
X ­ X Simplify, k, kmax, 2, ¯ 1
, l, max, ¯ 10, ¯ 2
;
X ­ X Simplify;
Do na ­ o;
Do ni ­ n; X ­ Series X, f na, d ® ni , 0, 1 , n, max, ¯ 10, ¯ 2 , o, kmax, 1, ¯ 1
;
X ­ X Simplify Normal;
Print X ;
;
Trans2Conn : ­ Module na, ni ,
X ­ X . C4 ¯ ³ CC4 ¯ 12 C2 C1^2 ® 4 C3 C1 ® 3 C1^4;
X ­ X . Csquare ¯ ³ CCsquare ¯ 5 C1^4;
X ­ X . Cblobtriangle ¯ ³ CCblobtriangle ® 2 Ctriangle C1 ® C2 C1^2 ¯ 2 C1^4;
X ­ X . C3 ¯ ³ CC3 ® 3 C2 C1 ¯ 2 C1^3;
X ­ X . Ctriangle ¯ ³ CCtriangle ® C1^3;
X ­ X . C2 ¯ ³ CC2 ® C1^2;
X ­ X Simplify;
Do na ­ o;
Do ni ­ n; X ­ Series X, f na, d ® ni , 0, 1 , n, max, 0, ¯ 2 , o, kmax, 1, ¯ 1
;
X ­ X Simplify Normal;
Print X ;
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¬ Here come the terms to be calculated ¬
For n ­ 0; list ­ , n ´ listlen, n ® ® ;
Dreset;
res1 ­ D0m1.Dmat;
res2 ­ res1.res1;
X ­ Sum res2 i, i , i, n Expand;
X ­ X . c __ ^2 ° C2;
X ­ X . c __ ° C1;
X ­ X ¬ n ® 1 Expand;
Print n, ": ", X ;
list ­ Append list, X ;
¬ The term Tr D0m1 D1 ^2 ¬
AnalyseListfkd
1: 2 C2
2: µ 4 C12 ¶ 10 C2
3: µ 18 C12 ¶ 30 C2
4: µ 48 C12 ¶ 68 C2
5: µ 100 C12 ¶ 130 C2
6: µ 180 C12 ¶ 222 C2
7: µ 294 C12 ¶ 350 C2
8: µ 448 C12 ¶ 520 C2
Variables · C12, C2
1. C12: 0, µ 4, µ 18, µ 48, µ 100, µ 180, µ 294, µ 448
2. C2: 2, 10, 30, 68, 130, 222, 350, 520
C12 ¸ 2 ¸ 1 ¹ x x ¸ ¸ 2 ¹ x ¸ 1 ¹ x x ¹ C2 2 x ¹ 3 ¸ 1 ¹ x x ¹ ¸ 2 ¹ x ¸ 1 ¹ x x
max ­ 4 ¬ First, adjust the global variables appropriately ² ¬
kmax ­ 9 ¬ f kmax,d ® max ¬
X ­ C12 ¯ 2 ¯ 1 ® x x ¯ ¯ 2 ® x ¯ 1 ® x x ® C2 2 x ® 3 ¯ 1 ® x x ® ¯ 2 ® x ¯ 1 ® x x
¬ Tr M^2 in terms of fkd’ s ¬
Recognizefkd
Reducefkd
C12 µ C2 f 1, µ 2 ¶ d ¶ µ 4 C12 ¶ 3 C2 f 1, d ¶ 5 C12 µ 4 C2 f 1, 2 ¶ d ¶ µ 2 C12 ¶ 2 C2 f 1, 4 ¶ d
X ­ C1^2 ¯ C2 ¬ f 1, ¯ 2 ® d ® ¯ 4 ¬ C1^2 ® 3 ¬ C2 ¬ f 1, d ®
5 ¬ C1^2 ¯ 4 ¬ C2 ¬ f 1, 2 ® d ® ¯ 2 ¬ C1^2 ® 2 ¬ C2 ¬ f 1, 4 ® d
Trans2Conn
µ CC2 f 1, µ 2 ¶ d ¶ µ C12 ¶ 3 CC2 f 1, d ¶ C12 µ 4 CC2 f 1, 2 ¶ d ¶ 2 CC2 f 1, 4 ¶ d
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¬ Here come the terms to be calculated ¬
For n ­ 0; list ­ , n ´ listlen, n ® ® ;
Dreset;
res1 ­ D0m1.Dmat;
X ­ Sum res1 i, i , i, n ^2 Expand;
X ­ X . c i_, j_ c i_, j_ ° C2;
X ­ X . c __ ° C1;
X ­ X ¬ n ® 1 Expand;
Print n, ": ", X ;
list ­ Append list, X ;
¬ The term Tr^2 D0m1 D1 ¬
AnalyseListfkd
1: 2 C2
2: 8 C12 ¶ 4 C2
3: 30 C12 ¶ 6 C2
4: 72 C12 ¶ 8 C2
5: 140 C12 ¶ 10 C2
6: 240 C12 ¶ 12 C2
7: 378 C12 ¶ 14 C2
8: 560 C12 ¶ 16 C2
Variables · C12, C2
1. C12: 0, 8, 30, 72, 140, 240, 378, 560
2. C2: 2, 4, 6, 8, 10, 12, 14, 16
2 C2 x ¹ C12 4 ¸ 1 ¹ x x ¹ ¸ 2 ¹ x ¸ 1 ¹ x x
max ­ 4 ¬ First, adjust the global variables appropriately ² ¬
kmax ­ 9 ¬ f kmax,d ® max ¬
X ­ 2 C2 x ® C12 4 ¯ 1 ® x x ® ¯ 2 ® x ¯ 1 ® x x ¬ Tr^2 M in terms of fkd’ s ¬
Recognizefkd
Reducefkd
µ C12 f 1, µ 2 ¶ d ¶ 2 C12 f 1, d ¶ C12 µ 2 C2 f 1, 2 ¶ d ¶ µ 2 C12 ¶ 2 C2 f 1, 4 ¶ d
X ­ ¯ C1^2 ¬ f 1, ¯ 2 ® d ® 2 ¬ C1^2 ¬ f 1, d ®
C1^2 ¯ 2 ¬ C2 ¬ f 1, 2 ® d ® ¯ 2 ¬ C1^2 ® 2 ¬ C2 ¬ f 1, 4 ® d
Trans2Conn
µ C12 f 1, µ 2 ¶ d ¶ 2 C12 f 1, d ¶ µ C12 µ 2 CC2 f 1, 2 ¶ d ¶ 2 CC2 f 1, 4 ¶ d
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C Calculation of the diagrams in the | } -expansion
In this section we will calculate the diagrams to appear in the Õ­ expansion on the torus. It
turns out that to obtain

and

¤
we need evaluate two sums over discrete wavevectors obeying
to periodic boundary conditions on the torus. Let us first derive the latter before turning to the
explicit evaluation. Starting from the definition of the difference correlator
¥
u\ ,
¥
u\r


L\T

AØ.e (C.1)
where

u\ is the usual two–point correlator, we obtain
¥
u\ through an inverse discrete
Fourier–transformation from


Â


´
f

Â

, which reads:
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Performing the averaging procedure
¥
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Ã
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is to be taken into account, the calculation of
¥
L\ reduces to
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where 
Â
is  -dimensional, and the indices ø  are running from ÆO to O , ø\

Ø being
excluded from the summation. Of course, in the expansion in powers of  3 we need an
analytic continuation to real values of D. Finally, to obtain

u\ we have to subtract

¦Ã§R©
L\
from
¥
u\ . Due to our normalizations:
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where
z
m
denotes the volume of the unit sphere and

¦Ã§R©
L\
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´ .
Turning to
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according to (C.5), such that
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Knowing already the sum to be evaluated to obtain
¥
, (C.4), what is left to obtain is:
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Therefore,
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Let us first calculate
Å
É
: Setting º

´ , renaming the indices ø  into
Â
 and introducing a
Schwinger parametrization we have:
Å
É

´
Ï

é
¾
Ê
"ÌË
DÍ
Ê
" ÎË
C
´

Â


´
c


é
¾
Ê
"ÌË
DÍ
Ê
" ÎË
C
é
è
§
d
æ
e ÄZ
»



´
;Ï

é
è
§
d
æ
Ï

é
¾
Ê
Ë
DÍ
Ê
Î
Ë
C
e ÄZ


0Ð

m

´
Ï

é
è
§
d
æ
æ

Ï

é
¾
Ê
Ë
DÍ
Ê
Î
Ë
C
e Ä


Æ%
0Ð

m
 (C.11)
where it is to be noted that the sum in the last line is only one-dimensional. Furthermore, from
now on it is clear, how
Å
É
is analytically continued to real values of  .
In order to evaluate this sum, we will make use of a Poisson-transformation, which reads:
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The contribution from Ú

Ø is the approximation of the l.h.s. through a gaussian integral.
Our aim is to calculate the coefficients of the Ô expansion of
Å
É
numerically using some
algebraic manipulation program. Then, the integration interval in (C.11) has to be made finite.
This is done as follows: For any
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Ø we have
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For any finite
æ
§
a
Ø , the sum in the first integral can be truncated at some finite
Â
max for all
æ
Äzí Ø¡
æ
§,Û
. For the second integral (corresponding to large values of
æ
) we make use of the
poissonian formula (C.12) with 
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Ø and choose
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§
in a way that terms Úr}
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Ø can be neglected:
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Then, the second integral can be evaluated approximately through
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From (C.13) and (C.15) we then have:
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The third term above shows up a pole in Õ² , which can be easily subtracted expanding the
expression in powers of n . The pole is
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w (C.17)
The precision of the machine that we used to evaluate (C.16) was sufficient in a way that we
could select
æ
§
from an interval, such that the sum appearing in the integrand could be truncated
at some finite
Â
max and the result was independent from the precise value of
æ
§
within the desired
order of accuracy, therefore, justifying the approximation in (C.15). Of course, the other series
can be safely truncated as well. Setting for instance
æ
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
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Â
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with Mathematica  R :
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On the torus we scaled the square root of the volume of the  -dimensional unitsphere into the
field. Accordingly, comparing with (C.4) and (C.5) we then find:
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Let us turn to the evaluation of
Å

following the same strategy as above. Again, setting º
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´
and introducing a Schwinger parametrization leads to:
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Once again applying the Poisson-transformation (C.12) with 

Ø on the second integral
involving large values of
æ
, we approximate
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such that we arrive at
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There is no pole in ­ . Since
Å

appears at second order in ­ we only need its value at


 . Again, it is safe to truncate both series appearing in (C.22) at some finite values Â max and
ø max, and
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has to be chosen from an appropriate interval. Setting
Â
max

ø max

KØ and
æ
§

´<Ø
we obtain with Mathematica  R :
Å


Ø¡ÃØKØ¡´<ØJÙ(ª´*Ł«jL/,Í­®,ﬁ (C.23)
or– due to the rescaling of the field by
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The implementation of the summations with Mathematica  Ris shown in the sequel.
kmax å 20
nmax å 20
ellipticThetas æ s_, D_ ç : å
è
2 é Piê ^ è ë 2ê é 2^D é è è Sum æ Exp æ ë k^2 ì è su é sê ç , í k, 1, kmax î ç ê ^Dê ì è su é s^2ê
ellipticThetal0n æ D_ ç : å
è
2 é Piê ^ è ë 2ê é è Sum æ è 2 Product æ è ë D ï jê , í j, 0, n ë 1 î ç ê ì è è n ï 2 ë Dê Gamma æ n ï 1 ç ê é
è
Sqrt æ Pi ç ê ^ è D ë nê é è suê ^ è è D ë 2 ë nê ì 2ê ,
í n, 1, nmax î ç ê
FullSimplify æ Normal æ
Series æ è Pi^ è D ì 2 ë 2ê ì 2 é su^ è è D ë 2ê ì 2ê ì è 2 ë Dê ë 1 ì è 2 é Pi é è 2 ë Dê ê ê , í D, 2, 2 î ç ç ç
ð
1
ñ ñ ñ ñ ñ ñ ñ ñ ñ ñ ñ ñ ñ
96 ò ó ó 24 ô 6 ó
ð 2 ô D õ Log ö ò ÷ ô
ó
ð 2 ô D õ 2 Log ö ò ÷ 2 ô
ó
ð 2 ô D õ Log ö su ÷
ó
6 ô 2
ó
ð 2 ô D õ Log ö ò ÷ ô
ó
ð 2 ô D õ Log ö su ÷ õ õ
Log ö ò su ÷ õ
ellipticThetal00 æ D_ ç : å ë è è 24 ï 6 é è ë 2 ï Dê é Log æ Pi ç ï è ë 2 ï Dê ^2 é Log æ Pi ç ^2 ï
è ë 2 ï Dê é Log æ su ç é
è 6 ï 2 é è ë 2 ï Dê é Log æ Pi ç ï
è ë
2 ï Dê é Log æ su ç ê ê é Log æ Pi é su ç ê ì è 96 é Piê
I1 æ D_ ç : å NIntegrate æ els æ s, D ç , í s, 0, 1 î ç ï ell0n æ D ç ï ell00 æ D ç
su å 1
I1 æ 2 ç
ð 0.238217
su å 2
I1 æ 2 ç
ð 0.238216
su å 3
I1 æ 2 ç
ð 0.238216
su å 4
I1 æ 2 ç
ð 0.238216
kmax å 20
20
nmax å 20
20
els æ s_, D_ ç : å
è 2^D ì
è 16 é Pi^4ê ê é è è Sum æ Exp æ ë k^2 ì è su é sê ç , í k, 1, kmax î ç ê ^Dê ì è su^2 é s^3ê
ell0 æ D_ ç : å
è
Pi^ è D ì 2 ë 4ê ì 16ê é Sum æ è 2 Product æ è ë D ï jê , í j, 0, n ë 1 î ç ê ì è è n ï 4 ë Dê Gamma æ n ï 1 ç ê é
è
1 ì Sqrt æ Pi ç ê ^n é è suê ^ è è D ë 4 ë nê ì 2ê ,
í n, 0, nmax î ç
I2 æ D_ ç : å NIntegrate æ els æ s, D ç , í s, 0, 1 î ç ï ell0 æ D ç
su å 1
I2 æ 2 ç
1
0.00108915
su å 2
I2 æ 2 ç
2
0.00108917
su å 3
I2 æ 2 ç
3
0.00108917
su å 4
I2 æ 2 ç
4
General::unfl : Underflow occurred in computation.
0.00108917
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D Exact results for polymers
In this section we would like to derive some results for gaussian polymer chains interacting with
a | -like defect. The path integrals then turn out to be factorizable and thus exactly solvable.
Let us start from the (bulk) polymer propagator being defined as the conditional probability of
finding the internal point
æ

at the position ê

when starting in
æ
at ê	 . The propagator can be
written as a functional integral for a restricted partition function of the free chain according to
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The propagator (D.1) possesses the Markov property
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D.1 Universal ´ f ê - repulsion law for polymers
We have shown in section 2.2 by a scaling argument that as long as ê
 º , the restricted
partition function of a manifold pinned at one of its internal points scales as ø
é
uê
f
º

t
Aê
f
º
 , with the contact-exponent given by (2.25). It is instructive to prove this for the special
case of polymers in
 

´ . According to (2.1) and (2.6) this corresponds to a polymer in ±
 
-
space interacting with a | -potential on a plane.
For this purpose we need the restricted partition function (D.1) in presence of a short-range
interaction modeled through a | -potential, which is situated at the origin of the embedding
space. The restricted partition function in the presence of the interaction will be denoted by
ø
C
n 

uê	

ê

 . We consider the case, where the chain is fixed at its ends, such that
æ

Ø and
æ
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
º
.
We furthermore switch to a grand-canonical ensemble and denote
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 being some chemical potential. ø  C uê	

ê

 can be expanded in a perturbation series in the
coupling 
§
according to
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where we have used that after integration over º , the integrals factorize; we further have defined
ø

Aê	

ê



è
é
§
¿
æ
ø
§
n 
uê	

ê

RÀ Ä



è
é
§
¿
æ
è 
À`Ä
¦


È

©

È

¦
îﬀwÄ@î
"
©¬
è 
À

¦
î  Ä@î
"
©
Â

«

 (D.6)
In
 

´ the integration over the momenta
Â
in (D.6) leads to
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Let us now lock at what terms appear in the ø -th order coefficient in (D.5): From the initial point
of the chain a factor
ø

Aê	

Ø. is contributed, while the final point is coming up with ø  AØ

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 .
Furthermore, the internal points give ø6ä´ powers of
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Ø. -coefficient is special: Clearly, one has
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Inserting (D.8)-(D.9) into (D.5) we obtain for (D.4):
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The limit of 
§
¯ O can be taken and leaves us with the beautiful result
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This is the propagator of a scalar field with Dirichlet boundary conditions. It has applications
when studying critical phenomena of e.g. an Ising magnet in half-space [68,69]. Performing the
inverse Laplace-transformation of (D.11) we arrive at
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We conclude that a | - potential acting in a hyper-plane suppresses all configurations which
penetrate or touch it, when taking its amplitude to infinity.
Finally, in order to prove the universal repulsion law, we start from (D.12) and integrate over all
final positions ê

:
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erf denoting the error function. For small arguments we have
´> erf u\ t ^ (D.14)
Furthermore,
ø
é

uê	u denotes the restricted partition function of a chain pinned at one of its
ends in ê	 . To obtain ø
é
Aê
f
º
 in (2.23) we have to evaluate:
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according to (D.14) in the scaling regime ê&
 º É
Æ

. We thus find that '

 , which confirms
(2.25) for 

´ and
 

´ . The above proof can be extended to arbitrary dimensions Ø;P
 
P ,
where h
a
Ø for polymers. Then, '

µÕ
 
.
It would be nice to make the same arguments for membranes. However, the proof is based
on a drastic simplification, which only occurs in 

´ and shows up in the factorizability of
loop diagrams as in (D.5). This has no extension to manifolds of internal dimension 
a
´ .
D.2 Strong coupling expansion for the renormalized coupling 
In the following we want to derive an expression for the renormalized coupling  as defined in
(2.10) in terms of a strong coupling expansion in powers of the bare coupling. This is needed
in the fixed membrane size ensemble as it is also considered in the ä -expansion. In order
to make matching our strong coupling series about 

 with the known exact result for
polymers, we shortly derive the latter both for an open as well as a closed chain.
Starting from the definition of the polymer-propagator let us point out that the full partition
function then is defined as
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In both cases the integrand is expanded in powers of the bare coupling according to (D.4).
Generally, the ø th order coefficient in (D.5) is coming up with ø~3´ powers of ø  ;Ø
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here calculated for arbitrary
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P . Accordingly,
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where we have used the normalization of the integral according to (3.6) and
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contributing according to (D.16) in the case of an open end chain
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Figure D.1: ”Daisy”-diagrams contributing to ,.- (left) and ,0/ (right), (D.16), each leaf representing the integra-
tion over an internal distance.
while for a closed chain one is obtaining:
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The case ø

Ø is special. For an open polymer we have to evaluate
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while a closed chain is yielding
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Diagrammatically, the ø th order contribution to the partition function (D.16) can be written ac-
cording to (D.18-D.22) as shown in fig. (D.1).
Let us now calculate
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C for a closed chain:
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Performing an inverse Laplace-transformation, we arrive at
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where we have used that for any ;
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ø
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C
as given in (D.24) is the dimensionless renormalized coupling  in the case of a closed
chain. Note that in the calculation of the partition function of an open end chain there has to be
performed one more integration over the field ê , such that only  ø
§

ø

C

º
¦
^RÄ
É
©

¬ , ´K
h
being the dimension of the field, becomes dimensionless.
Before we proceed let us shortly consider how to treat the limit of vanishing bulk space di-
mension
 
in this framework: Setting
 

Ø and equivalently h

´ for polymers, then, the
renormalized coupling is obtained from (D.23) and (D.24) as

*

 

Ø.

´
H:9
È

é
è
9
Ä

é
d 

e



§

§
«

 (D.26)
This time, the inverse Laplace-transformation can be immediately evaluated in terms of residues.
First order poles of the integrand are located at 

Ø and 
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§
, therefore providing
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which is consistent with what we have found within the expansion in   (6.76). Let us
calculate the inverse Laplace-transformation of
ø
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C for an open end chain:
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and the boundary term vanishes. The dimensionless renormalized coupling then is defined as in
(2.10), such that
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From the strong coupling expansions (D.24) and (D.31) one easily obtains the fixed point values
of  . For the closed chain we find
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h
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while for the open end chain we have
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D.3 Weak coupling expansion
In order to be complete let us turn the expansions (D.24) and (D.31) into weak coupling ex-
pansions. This can be easily done starting for instance from the expansion in the Laplace-
transformed picture for the closed chain as given in the top line in (D.23). Then,
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where we have simply used the analytical continuation of (D.25) to arbitrary values of ; . (D.25)
can be obtained from integrating along a branch cut, which makes it necessary to have ;
a
Ø .
But ; can be always rendered positive through a sufficient number § of partial integrations
according to (D.30). Having chosen § appropriately, it drops out after the inverse Laplace
transformation has been performed.
Let us apply the same procedure to the weak coupling expansion of the renormalized coupling
of the open chain in the top line in (D.28):
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from what follows that
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D.4 Semi-flexible polymers
Theories consisting in some one-dimensional manifold interacting with a single defect turn
out to be always one-loop exact. This is due to the factorizability of the path-integrals like
(D.5) to appear in the perturbation theory. Let us now discuss another model taking once again
advantage of this property. Consider so-called semi-flexible polymers, whose configurations
are controlled by bending elasticity. For low temperatures or equivalently on short scales their
configurational space can be parametrized by some
 
-dimensional field

ê , being defined through
the displacement of the individual mass points with respect to some flat background, therefore
allowing for no overlaps or even self-intersections of the polymer. Then, the curvature along
the manifold can be approximated through the usual Laplacian D6E$E

ê¢GF, and the free Hamiltonian
reads:
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Let us now consider the interaction with some short-range, | -like defect, acting in the displace-
ment space and being located at the origin: A short distance analysis shows that any two nearby
intersections of the polymer with the defect appear like a single, parallel intersection [70]. This
is due to the bending stiffness of the manifold suppressing short-wavelength fluctuations. Tak-
ing the most relevant, orientational dependent interaction into account, which is
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let us shortly sketch, how to completely sum up the perturbation theory in this case following
the same lines as in the preceding sections. Once again, we need to find the propagator of the
corresponding Schro¨dinger-type equation, which is defined through the path-integral:
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where ê	
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denote position and slope of the initial and final point, respectively. Be
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the corresponding propagator in presence of the interaction (D.38). Switching to a grand-
canonical ensemble,
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the perturbation series of
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However, solving the path-integral of the free problem (D.39) poses considerable problems,
when treating the energyless tilt mode. The solution has been obtained from the equivalent
problem of the corresponding Schro¨dinger-type equation [71–73]. It reads:
I
E
n
E

Aê	
H


ê


H



ò

±
e?F

KF,

ô
Å
e Ä L
!M

D
M$
ON
MQP M

¦
î
"
n
J
"
  îﬀn
J

©
 (D.42)
where
z
E
n
E

Aê	
H


ê


H



uê

Íêi
H
?F

RF,k

«
?F

SF,

±

H


H
L

Ô?F

RF,	uê

Íê	
H
RGF

KF,,	
H


H
L
(D.43)
is the action of the minimal energy path.
In analogy to (D.5) the path-integral to be calculated to obtain I J C
n
ö

uê	
H


ê


H

 factorizes after
”time-ordering” the distances:
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The ø
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It is hard to calculate the Laplace-transform of the propagator (D.42), but the renormalized
coupling
H
can be easily obtained from ø
§

ø
J
C
,
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in the Laplace-transformed picture. Since
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we find:
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where we have turned the series into a strong coupling expansion. Performing an inverse
Laplace transformation,
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the dimensionless renormalized coupling
H
reads:
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The fixed point is obtained sending the dimensionless bare coupling  
7H
§
º
É
Ä

Å
to O :
H
Y


üTS1U
VX
é
H
;.

ò
±

±

ô
ÄEÅ
ç
R´K
 

ç
;
 

 (D.52)
From the strong coupling expansion (D.51) one may immediately read off the value of the
correction to scaling exponent ` at the fixed point:
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Figure E.1: The sectors Y[ZV\ and ]
E Conformal mapping of the sectors
In order to calculate the two-loop diagram efficiently, one wants to write it as an integral over a
finite domain only. To do so we need the technique of conformal mapping of the sectors, which
also serves for analytically continuing the measure of integration to internal dimensions úPâ´ .
This technique has been extensively used and well documented in the context of self-avoiding
tethered membranes [26,20,4], but we repeat the presentation here for completeness.
Generally, in evaluating the three-point divergences we need to integrate over some domain in
the upper half-plane (see 4.11). The measure of integration reads
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and the integrand is a function
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In our problem
Ì
is homogeneous, of degree g , but not necessarily symmetric:
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Let us now explicitly show, how sectors can be mapped onto each other. Specializing to the
mapping
X
¯
W
we choose a coordinate system as given in figure (E.1). The mapping X ¯
W
is mediated by a special conformal transformation, the inversion with respect to the circle
around L and radius º . In complex coordinates this is ( le is the complex conjugate of e )
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This change of coordinates gives a Jacobian for the measure (E.1)
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It can easily be seen that the mapping
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Since a
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a
c , eÄ
X
. Finally, let us look at how the whole integral transforms. First
inserting the transformed variables including the Jacobian (E.6) and second using the homo-
geneity (E.3), we arrive at
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Let us restate the above calculation in a completely geometric interpretation as sketched in the
figure. The mapping consists of two steps:
{ The rescaling with respect to L by a factor º f a which maps e onto e

and d onto d

.
(E.3) implies that
Ì
is changed by a factor


o
ﬀ
Ä k
.
{ A mirror operation, which maps e

onto
d
and d

onto ðe , leaving invariant the origin
L . This operation is a permutation of the first two arguments of
Ì
.
The mapping e#¯ ðe corresponds to the special conformal transformation (E.4).
Analogously, we find that
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